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This is a review article about the properties of radial wave functions and other quantities relevant to the
partial wave analysis of scattering theory, as functions of the energy or wave number. The treatment is
restricted to the nonrelativistic Schrodinger equation for two particles with a local potential. In addition
to regular and irregular solutions of the radial differential equations, the Jost function, S matrix, and
Green’s functions are analyzed and completeness is proved. The examples investigated in detail include

the Bargmann potentials and their generalizations.
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1. INTRODUCTION

UANTUM mechanics has undoubtedly its most
beautiful general form in the language of abstract
vector space theory, whose mathematical methods fur-
nish it at the same time with one of its most powerful
tools. There are nevertheless many fundamental prob-
lems which are attacked with advantage in a special
representation. It has become clear lately that in non-
relativistic quantum mechanics as well as in relativistic
field theory much can be gained by returning from the
formal operator calculus to that of point functions. The
theory of functions of complex variables, specifically,
has become again a prominent tool of physics.

The recent upsurge of dispersion relation research is
a case in point. Although its results can frequently be
obtained without ever going into the complex plane,
the most appropriate general mathematical tool is the
theory of analytic functions.

Most physicists are quite conversant with the theory
of differential and integral equations; most know also
the essentials in the theory of functions, The combina-
tion of these two disciplines, however, is much less
familiar to many. A useful purpose may therefore be
served by reviewing what is known by means of com-
plex analysis in a certain area of scattering theory.

I shall restrict myself to the nonrelativistic quantum
mechanics of two-particle systems, that is, the one-
particle Schrédinger equation in the center of mass
system. The properties of the solutions of such a partial

* Supported in part by the National Science Foundation.

differential equation not being nearly as well under-
stood as those of solutions of ordinary differential equa-
tions, a partial wave analysis is made which leads to
single or coupled radial equations. The regular and
irregular solutions of these as well as all the functions
constructed from them for the purpose of scattering
theory are to be investigated.

I shall restrict myself to local potentials. Certain
types of nonlocality, such as spin-orbit forces introduce
no changes whatever. Others may introduce only in-
essential complications. In the latter case references to
appropriate papers will be given. The general case of
nonlocal forces, however, is far more difficult and little
is known about it.

The purpose of this article is not only to collect re-
sults; it is also didactic. The proofs therefore form an
essential part of its methodological aim. How many
physicists have actually seen a completeness proof, ex-
cept for some very special functions?

Very little in this paper is new. Almost everything in
it can be found in the published literature, directly or
by implication. In contrast to some authors on the sub-
ject I shall not make a weak assumption concerning the
potential and then stick to it. From time to time the
assumptions will be explicitly strengthened in order to
see what can be said then. The weakest hypothesis,
always to be kept, is that the first and second absolute
moments of the potential are finite; stronger ones to
be made at various points are that the potential has an
exponential tail or that it vanishes identically beyond
a certain point. Since the earlier papers by Jost, Levin-
son, and others had a special purpose their authors
were not interested in doing that explicitly, although
some of the general consequences of a finite range follow
immediately from their work and were known to them.
How much more can be said if the potential vanishes
beyond a point has been demonstrated particularly by
the work of Humblet and Regge.

2. PRELIMINARIES ON SCATTERING THEORY

We start from the Schrodinger equation for two par-
ticles in the center of mass coordinate system:

(- @/ 2 V+H (O W(@D=E4(r),  (2.1)

u being the reduced mass of the particles and r, their
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relative distance. The interaction energy H(r) is
assumed to be invariant under rotations but may be
spin dependent.

For the purpose of scattering theory it is advantage-
ous to convert (2.1) into an integral equation which
incorporates the boundary condition that at large dis-
tances the wave function should consist of a plane wave
plus an outgoing spherical wave; thus, with E=%2%k2/2y,

Yo (ksv,r) =0 (ksv,r)

+ f (@G, (k; 1,0 Hi (1 (ksv,0),  (2.2)

where

Yo(ksv,r) = [ (uk)}/A(2m)} X, 76T,

x being the relevant normalized spin wave function for
the intrinsic angular momentum of the two particles.
The normalization of ¥, is such that

f (dD0o (kv po(K's' 1) =8(E— E')3(Re— 4 )00,

s [ e f Qb (ksv, 1o (ksv,r') =5 (r—1');
8y 0

2 is the solid angle defined by k.
The specification of ouigoing spherical waves is ac-
complished by the choice of Green’s function:

G (k; r rI)_Z 0 ,f‘*’d ""0*(k’51’,l')¢o(k'sv,r')
3%y (i M E!
g 0 E— E'-{—ée

p exp(ik|r—r'])
2rh?

[r—r'|

eikr 271.# %
e Z Xa"ll/o*(k”-“’:f,);

00 r kﬁz ay

(2.3)

where k''=krr .

We expand the Green’s function and wave functions
in spherical harmonics:

Gy (k; 1,x')= (2u/h?) J%t Y M (1) Y g2 (1)

Xriy'G(k; vy, (2.4)
Gilk; vy = (= Yk Yy (krwi(krs),
Yo(ksy,x)= 2uk/x#?)t (k) 2 d'ui(kr) (2.5)
JMim

X (lesM(r) Y.lm‘k (k)cls (J’M; mr")
'J/(ksyyr) = (zﬂk/wﬁz)é(kr)_l Z iewl’s' ,laJ(kﬂ')

JMIilUms’
XYM ()Y 7 (K)Cis (T, My myv), (2.6)
where Cu{(J,M;m,v) are the Clebsch-Gordan coeffi-
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cients in the notation of Blatt and Weisskopf,' and
Yo (1) =2, Cus(J,M; m,v) ym(nXx,.

Furthermore, we have used the Riccatti-Bessel functions
(@) =2ji(2) = Gm2) 13 (2) = (=) m(—2)
v(z)=wmi(z)= G75) N3 (3) = (—) ' ~2)
wi(5)= —v(2) — i (z) = — izl @ (3)
= —i(§n2) Hupy @ () = (=) 'wi(—2)%,
which are most convenient for solving the radial equa-

tion. Insertion in (2.2) leads to a set of coupled integral
equations for the radial functions:

2.7)

!f'i'a’,ls'l(k,f) =ul(ky)81!’5u'+ Z df’Gl’ (k; f,"’)

gt 0

X Virarprare? (F Wovrsre s (Ror'), (2.8)

where

2
vzs,mwﬁ- f 49 71 () He (1) Yo (1), (2.9)

The meaning of the subscripts on ¥ follows from (2.6)
and (2.8). The first set “/'s’” indicates the component
of ¢ belonging to specific orbital and spin angular
momenta, while the second set, “Is” refers to the angular
momenta of the incident beam, i.e., to the boundary
condition.

The solution of (2.8) satisfies the set of differential
equations

a2
_—"‘Pl'a’.lsJ+ Z Vl’s’,l”a“"ﬂbl"a”,ls]
d’,2 preglr
I(1+1)
+

r2

¢l'a’,lsl=k2\bl’s’.lsj- (210)

If we are considering the scattering of particles with
no spin then ¥ and ¢ are diagonal and equations (2.8)
and (2.10) become uncoupled. If H; is invariant under
space reflection then the conservation of parity implies
that for the scattering of a spin % particle by a spin-
zero particle, the equations are also uncoupled. In case
both particles have spin § it is the tensor force alone
which couples them.

The amplitude ©,, ., (k’,k) for scattering from the
initial momentum %k and spin #s,7%» to the final mo-
mentum %k’ and spin #s’, ¥’ is defined by the asymp-
totic form of ¢ for large 7; thus

0 ks, 0~ L Gab)Y/A(2)1]
X[xsveik-t_i.r-leikr Z X" O .sV(k,?k)]’

sty

(2.11)

where k’= %11, Taking the limit of (2.2) for large

17. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics
(John Wiley & Sons, Inc., New York, 1952).
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leads by (2.3) to
(2m)
k

Ouryr o (K K)=— f(dr)\lzo*(k’s’u’,r)

X Hi(t)y (ksv,r). (2.12)

If we expand in spherical harmonies according to (2.5)
and (2.6), we obtain

®s’v',sv(k,,k)

4
-—— ¥
k% IMUWmm

VY (K)Cry (J,M; m' )

XY (K)Ci(J,M;mp) 3 | drup(kr)
l

rr gt 0

XVl's’,l”s”J(r)Sbl”s”,laJ(kyr)' (2.13)

The scattering matrix is defined as the probability
amplitude for finding, at the time {= -, momentum
#k’ and spins #s’, %', if they were #k and #s, v at the

time {= — o 23

(k's’v'| S| ksv)
Elimf(dr)‘,bo*(k’s’v’,r)e"(E’—E)‘/”¢+(ks:z,r)

=3(E—E"[3(Qk— " )8ssduw+ (/27) Oy o, (K ) ]
=8E—-E) Y YKV (k)i

J MU mm’

XC:I,I(J,M; m’,v’)C;s(J,M; m,v)Sps',z,"(k), (2.14)

where the second line follows from the integral equation
(2.2) and (2.3). It follows from (2.12) that

Ouy (K K)==2rik 2 Vim(K)Vm (k)

I M mm’

XC o (JM; 0! 3" YCro (T, M ; m,9)itV

X (Sl’a',la',—éll’au'). (2.15)

Conservation of particles implies that S is unitary.
It therefore follows from (2.15) that

— 27k [ Oy 5y (K K) = Oy o, * (KK ]

=3 %" O (K" K)Opr e o* (k" K'). (2.16)

st ytt

A special case is the “optical theorem,” which is ob-
tained by setting s=s', v=7, k=k"*:

4k ImO,, . (kK K)=2 | dQ/| O, (K k) |2

=a,total(k). (2.16")

2J. Jauch and F. Rohrlich, Theory of Photons and Electrons
(Addison-Wesley Publishing Company, Inc., Reading, Massa-
chusetts, 1955).

3 C. Mgller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd.
23, No. 1 (1945).

¢ We write Re 4 and Im 4 for the real and imaginary parts of 4.
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A further property of the S matrix follows if Hry is
invariant under time reversal. We use a time-reversal
operator® ¢ and spin functions and spherical harmonics
such that

Y s (1) = (=)7 MY s M(r).

This is obtained by taking real x and spherical har-
monics which are such that®

Y= ()i,
and the time-reversal operator
&= (io, ) (ie; )X,

¢® and ¢® being the spin matrices for particles #1
and #2 (with ¢o0,=1 if the particle has spin zero) and
K, the antiunitary complex conjugation operator. The
Clebsch-Gordan coefficients are such that

Ci(J, —M; —m, —v)=(—)H~C,,(J,M ; m,v).
With these conventions we have
Hpo(ksv,r) = (=) Yo(~ks—»; 1),
and therefore, by (2.2),
oy (ksp,1)= (=) "ty (—ks—v, 1),

where . satisfies the integral equation (2.2) with
G_=G,*, the incoming wave Green’s function.
It then follows from

Wr¥2) = 2, 891)

and the assumed time-reversal invariance of H; that
the potential matrix of (2.9) is symmetric:

Viewe ' (1)=Vye 1.7 (r). (2.17)

Since H; is Hermitian, Vi,,»o7 is consequently real.
For the scattering amplitude, we get, from (2.12),

O, o(K )= (=)0, v (—k, —K), (2.18)

which is the reciprocity theorem. 1t follows from (2.15)
that it is equivalent to the symmetry of Sis, v+’ as de-
fined in (2.14):

Sts, e =Sve 157, (2.19)

S7 being unitary and symmetric, it can be diagonalized
by an orthogonal real matrix U':

Sl":l'5'J=Za Uls,aJ eXp(Ziéa") Ua'll‘l'l’

where the 8,7 are real.
Comparison of (2.13) with (2.15) gives us another
expression for the .S matrix:

(2.20)

00

Sps’,z,J(k)=5u:Bss:—Zik'l Z dm;/ (kf)

I 0

X Virwvrar? (MW (). (221)

5 E., P. Wigner, Group Theory (Academic Press, Inc., New York,
1939), p. 325 fi.

¢ Those of Blatt and Weisskopf,! say, multiplied by i?; see
footnote 5, p. 345, of E. P. Wigner.®
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We may now identify S by the asymptotic form of
the radial wave function. In order to do that we require
the asymptotic values of the Riccatti-Bessel functions
for large r:

wuy(kr) ~sin(kr—1ixl),
v (kr)~ —cos(kr—3nl),

wy(kr)~ile—ikr,

(2.22)

Equation (2.8) together with (2.4) and (2.21) shows
that as 7 — oo,

11/1,,_1/3"’(k,7’)

~ 581856 — (— ) e*r Sy, vt (R)], (2.23)
and therefore, by (2.20),
V1! ()= Vrears (B U a? ()
~Usso? (k) exp[ida” (k)] sin(br—3iml+6.7). (2.24)

Thus 8.7 (k) is identified as the eigenphaseshift. The
characteristic property of yi,..’ is that all its com-
ponents experience the same phaseshift.

We want to investigate the properties of solutions
of the radial equation (2.10). In Secs. 3 to 8 we restrict
ourselves to the case of no coupling, which is realized
when one of the particles has spin zero and the other,
spin less than two (provided H; conserves parity); or
else if both have spin 4, but tensor forces are neglected.

If there is no coupling; i.e., the matrix V7 is diagonal,
then only one subscript, Z, will be used everywhere,
that being the only index on which Eq. (2.10) explicitly
depends via the centrifugal term.

3. REGULAR AND IRREGULAR SOLUTIONS

We return to the radial equation (2.10) in the case
of no coupling. Rather than considering the ‘“physical”
solution ¥; we define regular and irregular solutions by
boundary conditions which lead to simple properties
as functions of k.

The weakest assumptions we shall ever make con-
cerning the potential are the existence of its first and
second absolute moments:

fwdrrl Vir)| <, (3.1a)

fwdrrzl Vir)| <. (3.1b)

Whenever stronger assumptions are made they will be
stated explicitly.

Hypothesis (3.1a) implies that V behaves better than
72 near the origin. There exists consequently a regular
solution ¢;(k,7) of (2.10) which near r=0 behaves like
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wui(kr). As kr — 0 we have’

wi(kr)= (kr)*/ (2141) 14-O[ (kr)H2],

v (kr)=— (kr)=' (21— 1) N14+-O[ (kr)—1+2].
We therefore define ¢;(k,7) by the boundary condition

lim (2-+1) 1+ oy (k) =1, (3.3)

(3.2)

It then follows immediately that ¢;(k,r) is a function
of k% only and that for real % it is real.

Hypothesis (3.1b) implies that at infinity V behaves
better than »—2 so that a Coulomb field, for example, is
excluded. It follows (as will be shown later) that at
infinity all solutions of (2.10) oscillate like sine or
cosine waves. It is then convenient to define another
solution f;(%,7) by the boundary condition

lime®*~ fy(k,r) =1t (3.4)
This function does not vanish at =0, in general, but
it is O(7~!) there, as is w;(kr). It follows immediately
from the boundary condition (3.4) and from the reality
of the differential equation (2.10) that for real %

[ =k, r)=(=)"filkyr). 3.5)

We now want to extend all our definitions to complex
values of k. It then follows from the % independence of
the boundary condition® (3.3) that for fixed 7, ¢i(k,7)
is an analytic function of % regular for all finite values
of k; i.e., an entire function of k. The function f;(k,r)
is for fixed >0 an analytic function of & regular in the
open lower half of the complex % plane; in the upper half
of the % plane it may be expected to have singularities
since (3.4) is not sufficient there to define f;(k,r)
uniquely. These statements are intended merely as a
guide and will be proved later.

It is clear that in any region of analyticity connected
with the real axis Eq. (3.5) implies

JH(—=F, )= (=)fulkyr). (3.5

We can readily replace the differential equation
(2.10) and boundary conditions (3.3) or (3.4) by
integral equations. If we define

gl(k 5 f,f’)
=k u(kr')vi(br) —ui(kr)vi(kr') ]
=4(—= ) k) w (br)wi(— kr')—wi(— kr)wi(kr') ],
(3.6)

7 We use the following notation: “f(x)=0(x) as x — « (or 0)"”
means that f(x)/x is bounded as x — = (or 0); “f(x)=0(x) as
# — o8 (or 0)”” means that f(x)/x tends to naught asx — « (or 0).

8 According to a theorem by Poincaré the solution of an ordinary
linear differential equation containing an entire function of a
parameter %, defined by a boundary condition independent of %,
is itself an entire function of k. See footnote reference 9; also see
footnote 8 of Jost and Pais.® We shall use this theorem as a guid-
ance only and prove it for the special case of ¢;(k,r).

*E. Hilb, Encycl. der Math. Wissensch. (B. G. Teubner,
Leipzig, 1915), Vol. 2, Part 2, p. 501.

0 R, Jost and A. Pais, Phys. Rev. 82, 840 (1951).
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then
r<r

r'> 7,

?

g (k; r”’)’
GV (k;ry")= lOl

is a Green’s function [[compare with (2.4)] and so is

0, r'<r,
G® (k; ',")‘—“[

—glk; ), 1r>r.

The first is appropriate to the definition of ¢; and the
second, to that of f;; thus

oi(k,r) =k uy(kr)

+f ar'g(k; r YV You(ky'), (3.7)
0

f;(k,r)=wl(kr)—f dr'glk; v YV () filky'). (3.8)

The existence and analytic properties of ¢; and f;
are proved by means of these integral equations. Their
advantage over the integral equation (2.8) for the
physical wave function ¢, is that they can be solved by
successive approximations, provided only that V satis-
fies (3.1), irrespective of its strength. The reason is that
the integrations run from naught to 7 only, or from r
to infinity.

In order to prove the convergence!! of the sequence of
successive approximations, one uses the following
bounds, true in the entire complex plane!®

s (kr) | <Cel"[L(|k[r)TH,
lvu(kr) | <Ce""[L(| BT,
lwi(kr) | <Ce"[L(1k|1) ],

(3.9

where y=Imk and
L{x)=x/(14+x).
It is then easily seen that for 7' <7

lgl(k; T,f’)l = lgl(k! rl’r)]

SCe = [R|T[L(kInTHLL k)T (3.10)

We now solve (3.7) by successive approximation:
<Pl(k;”)=z (Pl(”) (k,f),
0

11 The procedure below follows Jost!? and Levinson.® It can be
generalized to certain restricted nonlocal potentials; see Martin.1415

1B R. Jost, Helv. Phys. Acta 20, 256 (1947).

1B N. Levinson, Kgl. Danske Videnskab. Selskab., Mat.-fys.
Medd. 25, No. 9 (1949).

¥ A, Martin, Compt. rend. 243, 22 (1956).

18 A, Martin, Nuovo cimento 14, 403 (1959).

16 The first inequality was given by Levinson,® the others by
Newton.!?

17 R. G. Newton, Phys. Rev. 100, 412 (1955).
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where

01 @ (k) =k~ (kr)
o™ (k)= frdr’g;()a; r V(' )Yor (D (ky'), n>1.
0
If we use (3.10), we get
|1 (k)| scf a0 Rl LL( B[ T
0

XLL( R THV D oD (k)]
Now writing for the moment,
@™ (kyr)= o1 (k,r)e """ | k| LL(| k| 1) I,
we have

|, (k)| <C

| Q™ (By7) ] Scf dr'| @™V (kyr") |

X| V@) Lk k], 021,
and therefore

I&z("’(k,f)| 5Cﬂ+1f drye .- drn[ V(’1)|
0 0
71 £
X | V(1) |
1+|k|71 1+|klr"

Crtl r 4 n
[ i dr’lV(r’)l—-—] ,
n! LJg 1+ k[

Ii Q™ (k1) LC exp[Cfrdr’l V)l (1+ fklr’)"l].

so that

As a result the series 3¢, converges absolutely and
uniformly for all » and in every finite region in the
complex k plane. Furthermore, we find that

'

’ 1+1
k, SCe"’“( )
f@x( ’)I 1+|k|r
’

X] | d r|———]. (3.11
xesp[c [ ariv "1+|W] (.10

Since g; and ;@ are entire analytic functions of &, so
is each ¢;™. It then follows that for every fixed 7,
¢i(k,r) is an entire function of £2

We may now insert (3.11) in the integral equation
(3.7) and obtain the inequality

| o1(kyr) — By ()|

/

r +1 r 7
i | V) |——.  (3.12)
=ce (1+1k1r,) j;'l AT
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The integral on the right-hand side tends to naught as
|k} — o, even if at =0 only the first moment of | V|
exists, That is seen by writing

j:cdrl V(r)| 1+:k{r: La+£w§£adrrf V(r)|

+fwdrIV(r)I [ B

Hence if we choose @ and % so that

fadﬁw(r)gg%e, ;k;g_fwdr;m)g-ze-x
0 a

then "
fdr|V(r){r(1+]k|r)’1§e.
]

The right-hand side of (3.12) is therefore
o(|k|~1ebIr)  as

and consequently, as |k]| — o«
oi(kr) =k sin(br—3al)+o(| B| 1617 (3.13)

uniformly in 7. It is clear from (3.12) that if V is abso-
lutely integrable, then the remainder is O(|k|—>2!*!").
A similar procedure is followed for the function

Sillkey)=2f1'" (k,r), where
Ji© (kyr)=w,(kr)

[k = o,

i (k) =— f ar'guk; YW () fi "D (ky"), 21

One then finds that the series 3 & (k,r), where
k' (k)= [L(| k1) ]H™ (&),

is dominated by a series which can be summed to
c exp[C f i | V()|
Xexp[ (v+| v’[)(r’—r)]r'(l—Hk[r’)"‘].

The series Y f; therefore converges uniformly for all
r>7,>0 and for any closed region in the complex £
plane not including =0, where

aEf dr|V(r)|retritrhr
0

is finite. Thus fi(k,r) exists, is continuous, and is ob-
tainable by successive approximations from (3.8) for
all #>0 and all finite 20 in the lower half-plane, in-
cluding the real axis, provided only that V possesses a
finite first absolute moment. If, moreover, V decreases

ROGER G. NEWTON

exponentially at infinity so that

fwdﬂ! Vinlevr<e= (3.14)

0

for some ¢>0, then it follows that fi(k,r) exists and is
continuous (and is obtainable by successive approxi-
mations) in a strip in the upper half of the complex k
plane with Imk<g¢, except at k=0,

We also get the inequality

[filkyr)| SCe [ (14| k[r)/ | k7 Te,  (3.15)
which inserted in (3.8) yields v
14| k{r\?
lft(k,f)—wz(kfﬂﬁcew( %) )
|7
X 0 f |V e o (3.16)
’ 14| k{7

By the same argument that follows (3.12) the right-
hand side of (3.16) is o(e*") as | k| — o« uniformly for
all »>7,>0 in the lower half of the complex % plane
including the real axis, and in a strip of width a in the
upper half-plane if (3.14) holds. Therefore, as |k| — «

Jilkry=1le#o{e*). (3.47)
The inequality (3.16) also shows that
3 l
lim#'f, (ky7)

exists for all finite >0 if the limit is carried out in the
region of regularity..

In order to show that f;(k,r) is an analytic function
of  we must show the existence and continuity of its
first derivative with respect to & in the same manner as
those of fi(k,r) itself. (Since the integral in (3.8) con-
verges absolutely, differentiation under the integral
sign is permitted.) We cannot use the same argument
here as for ¢i(k,7) because fi™ is not necessarily
regular. The result is that, provided V has a finite
second absolute moment, fi(k,y) for fixed #>0 is an
analytic function of & regular everywhere in the open
lower half of the complex plane and continuous on the
real axis, except at 2=0. If the potential satisfies (3.14)
then the region of regularity includes a strip in the
upper half-plane up to Imk<a, except for a pole of
order [ at £=0. If the potential vanishes identically
outside a finite region, then k'f;(k,r) is an entire func-
tion of % for all fixed r>0.

If the potential satisfies (3.14) then one may obtain
information about the singularities of fi(k,r) for Imk>a
in a relatively simple way.’® If we write

fl (k:r) Efl(n) (k7r)+xl(1) (k,r),
where [, (k,r)=w(kr), then X; satisfies the integral

18 T, Regge, Nuovo Cimento 9, 295 (1958).
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equation

Xi® (k) = £1 (k) - f dr'gi(k; ")V (' )Xa® (k)
where f; is simply the first Born approximation:

F9 ()= — f dgulle; 1)V (Y.

Suppose that for a given V this integral is carried out
and it admits an analytic continuation into a region in
the upper half-plane with Imk> e, and we can set there

| f10 (k)| <Cerr.

We may then use this inequality in place of (3.9) and
prove the analyticity of X;® by the same arguments
which prove it for f;. The result is evidently that
X,V (k) is regular where f;¥(kr) is in the region
Imk<2a—+v. If, for example, y=v—2a as it is for
Imk<a, then the continuation works for Imk=r<2ea.
One may repeat the same argument by examining ex-
plicitly the analytic continuation of the second Born
approximation f;®, and thus extend the strip of analy-
ticity further and further, except for explicitly isolated
singularities.
4. JOST FUNCTION f,(k)

The functions f;(k,r) and fi;(—#, ) are two linearly
independent solutions (for k+0) of the differential
equation (2.10). The regular solution ¢;(%,r) can there-
fore be expressed as a linear combination of them. Since
o1(k,r) is even in k this defines a function f;(k), so that!?
orll) =4kt

XLA(=Rfilkn)— (=) k) fi(—k, )] (4.1)
We want to get a more explicit equation for f;(k). That
can be obtained by taking the Wronskian of ¢;(k,r)
and fi(k,r). The Wronskian of two solutions of the same
linear second-order differential equation being inde-
pendent of 7, we readily find, by evaluating it at r — o
and using the boundary condition (3.4) that

W[fl(kyr)’ fl(_k) r)]: (—)Q’Lk,
Wligl=fg'—/"s.

If we make use of this and (4.1), we obtain
Ji(k)=EWLfi(kr), (k)] (4.3)
Because of the boundary condition (3.3) this implies
that
Silk)=lim(kr)'fi(k;r)/ (2—1)1L.

If we insert the integral equations (3.7) and (3.8) in
(4.3) and evaluate it at =0 or r= o, we obtain the
following two integral representations for fi(k):

where
4.2)

4.3)

SR =1411 f drfi(br)V (ryuallr)

= 1+klf°°drcpz(kr)V(r)wl(kr). (4.4)
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We may now express the S matrix in terms of f;(k).
The asymptotic form for large r of ¢;(k,r) follows im-
mediately from (4.1) and the boundary condition (3.4);

thus

ou(k,r)~LiHp=i1

X[ f(=Re*—(=)filk)e*]. (4.1)
Comparison with (2.23) shows that
Suk)=fu(k)/ i(—F). (4.5)
It follows that
Si(—k)=1/S:(k). (4.6)

Furthermore, ¢; being real and even in £ it follows from
(3.5) and (4.3) that for real &

[ (=&)=fu(k), (4.7)

and, consequently,
[Si(k)|=1.

This is the unitarity condition.

The relation between ¢; and the physical wave func-
tion ¢, is provided by a comparison of (4.1') with
(2.23); thus

Vilk,r) =&/ fi( = k) Jou(ky1). (4.8)

This furnishes the physical significance of the function
fi(k). Equation (4.5) together with (4.7) and (2.20)

shows that
filk)=|f1(k)| exp[idi(k)], (4.9)

where §; is the phaseshift for the Ith partial wave, while
(4.8) with (3.3) shows that

(k) |2 - WO RN | i) ]2,

¥1© being the wave function in the absence of a po-
tential. Thus the phase of f;(k) is the /th phaseshift
and the inverse of the square of its modulus measures
the probability of finding the particles in each other’s
proximity relative to what it would be in the absence
of forces between them.

The Jost function f;(k) may also be approached from
quite a different point of view. Suppose that one were
to solve the integral equation (2.8) for the physical
wave function by the Fredholm method.!*® One would
then have to form the Fredholm determinant

AB =1+ ) f drl---f dr.
n=1 n' 0 0

X V(fl) cee V(fn)Dz(k; T1y° ,rn),

where

Di(k; 11, ra)=

Gi(k;ry,r) Gilk;ryre)---
Gz(k;rz,rl) Gi(k;rore) -+ 1.

Gi(k; ") being given by (2.4). Because the inte-
grand in A;(k) is symmetric in ry, - - -, 7., and because

¥ E. T. Whittaker and G. N. Watson, Modern Analysis (Cam-
bridge University Press, New York, 1948), p. 211 ff.
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of the symmetry properties of the spherical Bessel
functions we can write

@ 0 1 rTn—1
A(—R)=14+2 k‘”f drlf dry- - f dr,
1 0 0 0

XV (ry): - - V(ra)di(k; r1,- - 5ra)  (4.10)

with
di(k; 71,0+ 1)

wi(krduy(kry)  wi(kr)wu(krs)« - ~wi(kr)u(kr,)
= wzgkn)uz(kfz) wy(kro)ui(krs) - - -wi(kra)ui(krn)

w,ikrl)u;(krn) wi(kra)u(kry) - - ~wi(kr)ni(kr,)
=y (kr)si(k; re; 70,7+ 7).

Consequently,
A=) =14k f dri(k)V (Dgilhr), (4.11)
]

where
el r 71 n—1
gi(kyr)=u (kr)+2 k“"f d'1f drs- - f dr.
1 0 0 0

XV(r): - V(ra)si(k;r;r,e - ra).
Now since s; (k; 7; 7,72, +,7,)=0 and
Wwi(kr),ui(kr)]=k,
we readily find that

W[wl(kf),gz(k,f)]-_—k[l-l-i e f 4y

rn-1
. f dr,
0

XV(r1): - V(ra)di(k;ry,- - ',fn)]- (4.12)
Differentiation with respect to 7 yields
wi(kr) gl (k) — gi(kr)w) (kr)=kw (kr)V (r)gi(k,7),

which, because of the differential equation satisfied by
w;(kr), shows that g;(k,7) solves the differential equa-
tion (2.10). Furthermore one easily sees from (4.12)
that as r — 0,

gi(k,r)=wuy(kr)+o(rL),
It follows that

gi(k,r) =k oi(kyr), (4.13)
and therefore by (4.11) and (4.3),
fi(k)=Ai(—F). (4.14)

Thus the function f;(—k) is the Fredholm determinant
of Eq. (2.8).10
We now want to examine the analytic properties of
fi(k) in the complex plane; that will, via (4.5), give us
information on the analytic properties of the S matrix.
In order to extend f;(k) into the complex plane we
may use either (4.3) or (4.4). The inequalities (3.9)

ROGER G. NEWTON

and (3.11) lead from the second version of (4.4) to
W=11<C [ ar Vol Bl (@19)
0

Under the assumptions (3.1) on the potential, the
integral thus converges absolutely so that fi(k) exists
and is continuous for all & in the closed lower half-
plane. If the potential also satisfies (3.14) then the same
conclusion can be drawn in an additional strip in the
upper half-plane with Imk<a. Because of the absolute
convergence we may differentiate (4.4) with respect to
k under the integral sign and then use inequalities ob-
tained from differentiating (3.8) with respect to k.
The result is that under the hypothesis (3.1) fi(k) is
an analytic function of & regular in the open lower half
of the complex plane and continuous on the real axis.
If the potential fulfills (3.14) then f;(k) is analytic also
in a strip in the upper half-plane with Imk<a. If the
potential vanishes asymptotically faster than every ex-
ponential (e.g., if it has a gaussian tail or if it vanishes
identically beyond a finite radius) then f;(%) is an entire
function of k. In any region of analyticity connected
with the real axis (4.7) leads to

JH (k)= fulk).

The arguments at the end of Sec. 3, which in specific
cases of (3.14) may allow the analytic continuation of
fi(k,r) beyond Imk=a by examination of the terms in
the successive approximations,'® are now applicable to
fi1(k). It may thus be possible in many practical cases to
use the first Born approximation in order to extend the
analytic continuation to Imk<2e¢, the second, to
Imk<3a, etc.

We now want to examine the behavior of fi() as
k— . The inequality (4.15) tells us directly that for
Imk<0,

4.7

lim fi(k)=1.

| k| o

(4.16)

In fact we can conclude from (4.3), (3.17), and (2.22)
that when Imk<0, as |k — =,

fu(E) =1+ (2ik) f °°drV(r)+o(k—l), (4.16")

provided that V(r) is integrable at r=0; otherwise the
second term need be only o(1). Equation (4.16') says
that at very high energies the Born approximation for
fi(k) is good.?

In the upper half-plane we can draw interesting con-
clusions only if for > R the potential vanishes identi-

% The analyticity properties of fi(k) together with (4.7) and
(4.16) imply, of course, that fi(k) satisfies a simple ‘‘dispersion
relation” obtainable immediately from Cauchy’s theorem. This
was pointed out explicitly bly Giambiagi and Kibble, but it does
not appear to have any useful application.

2 7, J. Giambiagi and T. W. B. Kibble, Ann. Phys. 7, 39 (1959).
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cally. In that event (4.15) shows that
i 4
| (fulk)— 1) gcf dr | V() |r(1+ | klr).
0

This implies that for Im&>0
(fi(B)—1)ekE=p(1) as (4.17)

if the potential has a finite first absolute moment ; if it is
also absolutely integrable then the right-hand side of
(4.17) is O(| k| ™).

Next we want to look at the zeros of fi(k). Suppose
that f;(k) vanishes at a point in the lower hali-plane:

fi(ke)=0, Imko<O.

Since by (4.3) this means that the Wronskian between
filko,r) and @i(ko,r) is zero, the two solutions are
multiples of one another:

Silkor)=coi(kor). (4.18)

But kg being in the lower half-plane, the left-hand side
of (4.18) decreases exponentially at infinity, while the
right-hand side vanishes at the origin. Consequently,
both sides are square integrable and %¢® is a discrete
eigenvalue of the Schrodinger equation; there is a
bound state of energy A%k¢/2u.

It is proved by the standard method that the eigen-
values k¢* must be real. If k¢ is a root of f;(k) in the
lower half-plane, then by (4.7’), so is —k¢*. Multiplica-
tion of the Schrédinger equation for ¢i(%,r) by ¢i(k,r)
and subtraction from that for ¢;(k,7) multiplied by
¢ei(k,r) leads to

&/ drWLor(kr), (k)]
= (B~ k) eulH ). (4.19)

If we now set k=ko, k'= —ko* and integrate from r=0
to r= o0, we get

|| — =

Imk02f d?’l gal(ko,f) !2=0
L}

and therefore k¢ must be real.

The converse is also true. If k¢ is a discrete eigen-
value then f;(ko,) must vanish at »=0 when ko is
taken in the lower half plane. Hence by (4.3") fi(ko)=0.

If ko= —ik, k>0, is a root of f1(k) and k=ix lies in a
region of analyticity of fi(k) connected with the real
axis, then Eq. (4.1) at once yields the following value
for the constant ¢ of (4.18):

¢=— 2%/ (i) k). (4.20)

In general, however, we cannot draw this conclusion.
The function f;(k) cannot have any roots on the real
axis, except possibly at £=0. That follows at once from
the fact that by (4.7) fi(—%) vanishes when fi(k) does
for real k. Equation (4.1) then shows that ¢,(k,r) would
vanish identically in 7. Since that contradicts the
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boundary condition (3.3), f,(k) cannot wvanish for
real k0.

It is possible for fi(k) to be zero for £=0. We then
conclude that the function

hl(k”) Eklfl(k’r)
is, for k=0, a multiple of ¢;(0,r)
hz(O,r)=c¢n(0,r). (4.18')

For /=0, however, the boundary condition (3.4) shows
that #;(0,r) is different from zero at r= o so that ¢;(0,7)
is not normalizable and 2=0 is not a discrete eigenvalue.
For />0, on the other hand, the inequality (3.15)
shows that as r — o,

m(0,r)=0(r");

¢1(0,r) is therefore square integrable and zero is a dis-
crete eigenvalue if f;(0)=0. We then have a zero energy-
bound state. For /=0 this can happen only if the po-
tential fails to satisfy (3.1); see Sec. 10f for an example.

The next question is naturally the multiplicity of the
zeros of fi(k). Take first the case for which f;(ko)=0
with Imko<0. Differentiation of (4.3) with respect to &
(indicated by a dot), subsequently setting k=%, and
using (4.18) leads to

Ji(ko) = kol W fi(ko,r), fi(ko,r)]
=+ kOlCW[¢l (ko,f), @1 (ko,r)]- (421)

The right-hand side can be evaluated by differentiating
(4.19) and the equivalent equation for f;(kr) with
respect to k, then setting k=ko. The result is that if
fi(ko)=0, then

filko)= —Zko’“[cf df'¢z2(k0,"')+0—lf d"ftz(ko,")]
0 r

00
= —Zdao”’lf dro (ko). (4.21")
0

Because of the boundary condition (3.4), c%0; further-
more, ¢;(ko,r) is real for purely imaginary %o; hence the
right-hand side of (4.21") cannot vanish. Consequently,
f1(ke) &0 when f(ko)=0 and the zero is always simple.

The point 2=0 requires special consideration. Sup-
pose that f;(0)=0. We then take % first in the lower
half-plane, Imk<0, and differentiate the equivalent of
(4.19) for k(k,r) with respect to &, subsequently setting
K=k

Wha(k,) Jun(er) = — 2k f Cwhier). (422)

The next step is to let & tend to naught inside a cone of
opening. angle less than = :

—Imk>elk|, 0.

It is then easily shown by means of the inequalities
(3.16), (3.15), and (3.9) that the right-hand side of
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(4.22) has the same limit with 2— 0 as

lim2k f dr'wi(kr') k%
k=0 r

=2 lim[k'“ f dswp? (z)+ B2+ f dr'e—mr'iﬂ]
kr alk

{ 0, if I>1,
-1,

if 7=0.
As a result, (4.22) leads to

. if I>1,

WLhi(0,7),1(0,)]= { (4.23)

i, if 1=0,

when £=0 is approached as indicated. Equation (4.21)
for ky=0 reads

fl (0) = C_IW[hl(O)r):hl (0,1’)]
+CW[‘P1 (0,’), @1 (O)T):ly (421")

where we may let 7 tend to zero. Equation (4.23) thus
shows that if f;(0)=0, then

i, if 1=0,

0, if I>1.

£(0)= { (4.24)

For I>1 one further differentiation is required. Since
then f;(0)=0, we have from (4.21) and (4.22)

J0) = limi ()= —2¢ f drot(0y). (4217)

We therefore find that if f;(0)=0, then as 2 — 0 with
—Imk>¢|k|, 0,

1/fi(k)= (™, it 120, (4.25)
/i _{O(k—ﬁ), i I>1, ’
as well as
o= lO(k), if 1=0, (©25)
O 0w, it =1, ’

which is to say that f; goes to zero exactly as k or A2,
respectively. If f;(k) is analytic in a neighborhood of
k=0, then the statement is simply that, if f;(0)=0,
‘then the zero is simple for /=0 and double for /> 1.
We may now draw a conclusion concerning the num-
ber of zeros of fi(k) in the lower half of the complex
plane. The function f;(%) being regular analytic there,
its zeros cannot have a point of accumulation except
possibly at =0 or k= . These two points cannot be
accumulation points of roots either, the former because
of (4.25) and the latter because of (4.16). Consequently
the number of zeros must be finite. This proves that
the number of discrete eigenvalues (i.e., bound states)
for a given / value must be finite if the potential satisfies
(3.1). An absolute bound on the number #; of bound
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states of angular momentum / was given by Bargmann?:

m< f “drr | V()| QID), (4.26)
0

which shows at the same time that the fofal number of
bound states is finite.

In general we cannot say anything about the zeros
of fi(k) in the upper half of the complex plane. They
do not indicate eigenvalues. If fi(ko)=0 and both kg
and —ko* are in a region of analyticity of fi(k) con-
nected with the real axis, then (4.7") shows that we
must also have f;(—k¢*)=0. The roots then appear in
pairs symmetric with respect to the imaginary axis.
Furthermore, Eq. (4.1) shows that if k= —#?, x>0, is
a discrete eigenvalue so that fi(—ix)=0, and if +ik
lies in a region of analyticity of f,(k,r) connected with
the real axis then we cannot have fi(ix)=0. Particu-
larly, if the potential satisfies (3.14), then f;(ik) cannot
vanish if —«® is an eigenvalue with ¥x<ae. In other
words, f1(ik) can vanish under these circumstances only
at the expense of a singularity of fi(k,r) at k=ix.

If the potential vanishes identically beyond a finite
distance R then quite a bit can be said about the zeros
of fi(k). First of all, f;(k) must then have infinitely
many complex roots in the upper half-plane. That fact
is shown as follows.” The function

g(B)=fi(k) fi(—k) (4.27)

is in that case an entire function of k2. Because of
(2.22), (3.13), and (4.4) the asymptotic behavior of
f1(k) when Imk — + = is

R
fl(k)"‘"‘ (_)I(Zik)—le—Nka drV(r)e—m'lc(r—R), (4.28)
0

and hence by (4.16) that of g;(%?) is the same. Suppose
then that near r=R the potential has an asymptotic
expansion whose first term is

V({r)~c(R—r), o2>0. (4.29)
Then (4.28) and (4.16) imply that as Imk — +
21(B*) ~const. X k7% 2R, (4.28")

Therefore, the order?” of g,(k?) is 3. But an entire func-
tion of nonintegral order has necessarily an infinite
number of zeros.2? Because of (4.28'), moreover, and

2V, Bargmann, Proc. Natl. Acad. Sci. U. S. 38, 961 (1952).

2 This was shown first by Humblet, then independently by
Rolinik.?® The more general proof below follows Regge .26

2 J, Humblet, Mém. Soc, roy. sci. Litge, 4, 12 (1952).

25 H, Rollnik, Z. Physik 145, 639 and 654 (1956).

26 T. Regge, Nuovo Cimento 8, 671 (1958).

27 The definition of the order p of an entire function is

p=lim sup (log log¥ (r)/logr),
y—» 0

where M (r) is the maximum modulus of the function for |z| =7,
see Boas,?® p. 8.

% R. P. Boas, Entire Functions (Academic Press, Inc., New
York, 1954).

® See Boas,” p. 24.
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the analyticity of g;, only a finite number of them can
lie ‘on the imaginary axis. As a result, g,(k?) has in-
finitely many complex roots, which appear symmetri-
cally with respect to the real axis and with respect to
the imaginary axis. Those in the upper half-plane must
be roots of fi(k) and those in the lower, of fi(—k).
The same argument which excludes infinitely many
zeros on the imaginary axis also excludes infinitely
many zeros above any ray through the origin, since
there also the right-hand side of (4.28’) has no zeros.
At the same time it follows from (4.15) that fi(k) — 1
as |k] — o on any line parallel to the real axis in the
upper half plane; consequently, the number of zeros in
any strip above the real axis is finite. In other words,
although the total number of roots is infinite, for any
given positive numbers u and » there is but a finite
number of them with imaginary part less than » or
with a ratio of imaginary to real part greater than pu.
Since it follows from (4.16) that

f dkk~2 logg,(R?) < =,
1

we can also immediately draw the conclusion that if
{k.} are the roots of fi(k), then®

2 Im(ks ) [ <.

Since the roots of f;(k) appear in pairs symmetric
with respect to the imaginary axis we can also say that

> k.! converges

provided that we always add k,™' and (—&,*) to-
gether first.

The distribution of zeros k. in the right half-plane
can be shown?® in more detail to be such that as #n —

Rekn=nm/R+0(1),
Imk,=[(c+2)/2R] logn+0(1).

The entire function f;(k) can now be written in the
form of an infinite product. (We are still dealing with
the case in which V=0 for »>R.) According to Hada-
mard’s factorization theorem® we can write

(4.30)

© k
fl<k)=fz<o>e—fckIll(l—k—)e"”“" (4.31)

assuming for simplicity f;(0) #0.% The constant ¢ can
be evaluated by means of a theorem by Pfluger®* which
tells us that the asymptotic behavior for large || of
(4.31) is for k==1|k|

| k|~ log| f1(R)/ f2(0)| = A F L Imkn'Ec+o(1).

% See Boas,? p. 134; the argument is due to Regge.?®

3 See Humblet, p. 45; also Regge,?® which contains an error
of a factor of 7 in the denominator of Eq. (19).

® See, for example, Boas,?® p. 22,

# Otherwise we must replace fi(0) by constX# for /=0, or by
const X k2 for I >1.

3 A, Pfluger, Comm. Math. Helv. 16, 1 (1943); theorem 6B.
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Comparison with (4.16) and (4.28’) shows that the
right-hand side must equal 2R for k=:|k[, and zero,
for k= —i|k| ; hence, we must have

¢c+iY k=R,

and consequently?s

Fi(k)=f,(0)e~*E f:I (1—k/k). (431

If we differentiate the logarithm of this equation and
set k=0 we obtain at once by (4.9)

d
R+;};61(k) =3 Imk,/|ka|2% (4.32)

k=0

The only negative contributions on the right-hand side
come from the bound states.

It should be reemphasized that all of the foregoing
detailed conclusions are true only if the potential van-
ishes identically beyond a finite point.

We may now compare ¢; to the physical wave func-
tion ¢, Equation (4.8) shows the difference in their
analytic properties. Under the hypotheses (3.1) ¥;(&,r)
is in general regular only in the upper half of the
complex £ plane. But even there it has simple poles at
k=1|ko| if k¢? is an eigenvalue. That is the reason why,
in contrast to ¢.(k,r), the physical wave function ¢, (k,7)
cannot always be expanded in a Born series.

If we think of the potential multiplied by a possibly
complex scale factor A,

V=2V, (4.33)

then we saw that ¢i(k,7) can always be expanded in a
power series in A which converges absolutely for all
values of A, and so can f;(k). If, however, for a given
value of &, fi(—k)=0 when A has some complex value
\o, then the power series in A for y;(k,7) (Born series)
will certainly not converge absolutely for A>XAo. Thus
the Born series for y; will have a finite radius of
convergence.

The inequality (4.15) shows directly an important
fact about the Born series. Since for every A, fi(k)
differs arbitrarily little from unity when % is made
large enough (real or in the lower half plane) f;(k) can,
for any given complex A, have no zeros on the real axis
beyond a certain point. Hence for every potential that
satisfies (3.1), the Born series for ¢:(&,r) will necessarily
converge absolutely if only % is large enough. Further-
more, if % is sufficiently large, the first Born approxi-
mation is good.

As a function of E, y; has a branch cut along the
positive real axis. On the “physical” sheet (Imk>0) of
its Riemann surface y; is a regular analytic function of
E, except for simple poles at the bound state energies

=—|E,|. At E=0 it is at worst O(EY) (when ap-
proached inside the first sheet of the Riemann surface).
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5. PROPERTIES OF THE S MATRIX

We may now use (4.5) in order to draw conclusions
concerning the S matrix from the properties of f,(%).
On the real axis S; is continuous and because of (4.16)

lim S;(k)=1. (5.1)
k400

For any potential that satisfies (3.1) the phaseshift
thus necessarily approaches an integral multiple of =
at high energies. If, in addition, the potential is inte-
grable at r=0 then (4.16') yields immediately the Born
approximation result as £ — 4=

1 ]
ktan&l(k)=—-—f drV (r)+o(1). (3.1)
2J,

If all we know about the potential is (3.1) then we
can say nothing about the properties of S;(k) in the
complex plane, since as soon as we leave the real axis
either fi(k) or fi(—k) may fail to be regular. In other
words, S;(k) may have singularities of any type any-
where in the complex plane off the real axis. We cannot
even conclude from (4.5) that S;(k) has a pole at
k=1i|ko| is k¢ is a discrete eigenvalue, because f;(s]%o|)
may be zero.

If, however, the potential satisfies (3.14) then S;(k)
is necessarily an analytic function regular in the strip
0<Imk< a, except for simple poles at k=1ix, whenever
—ka? 1s an eigenvalue and 0 <«,<a. In specific cases the
analytic continuation of .S;(k¥) may be carried further
than |Imk|=¢ by the argument following (4.7');
namely, the continuation of successive terms in the
Born approximation.

If the potential decreases asymptotically more rapidly
than every exponential, particularly if it vanishes
identically outside a finite region, then .S; is regular in
the entire upper half-plane except for simple poles at
k=1Kka, k>0, whenever —«,? is a discrete eigenvalue.
The residues at such poles are readily found®® by
(4.20), (4.21"), and (4.8):

Res,=1/8;(—ixn)
(=)l fi(ikn) J?

4xn2’+2f dr oi(— ik, ) P
0

=i/4];wdr[¢z(—ixn,r)]2,

which is purely imaginary and
—i(—)"Res,,>0.

(5.2)

In the lower half of the complex plane singularities
may again occur anywhere. Tf the Ipotential fulfills

@ This result was first written down explicitly for /=0 by
Liiders®; see also Hu.¥

3 G. Liiders, Z. Naturforsch. 10a, 581 (1955).

37 N. Hu, Phys. Rev. 74, 131 (1948).
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(3.14) then S:(k) is regular there for —Imk< a, except at
isolated points where it may have poles of finite order.
The latter occur at the zeros of f,(—k). For a potential
of finite range that statement holds for the entire lower
half-plane.

For a potential of type (3.14) then the zeros of fi(k)
in the upper half-plane sufficiently close to the real
axis lead to resonancelike peaks in S;(k) on the real
axis.®® The zeros of fi(k) on the positive imaginary axis
are sometimes referred to as ‘“‘virtual bound states.”
For a potential of finite range R we may immediately
refer to the detailed discussion in Sec. 4 of the distribu-
tion of zeros of f;(k) in the upper half-plane. Thus there
is always at most a finite number of virtual states and
an infinite number of ‘“resonances” distributed as
shown in (4.30).

It is worthwhile to translate some of the foregoing
statements into the language of energy. Si(E) then has
a branch line along the positive real axis. If the poten-
tial satisfies (3.14) then S;(E) is an analytic function
on a two sheeted Riemann surface, regular on the
“physical sheet” (Imk>0) for | E| <#A2a?/2u, except for
simple poles at E= —|E,|, where E, are the energies
of bound states; on the sheet reached via the cut along
the positive real axis S;(E) is regular for | E| <#%a?/2u,
except at a number of discrete points where it may have
poles of finite order. The latter, if sufficiently close to
the positive real axis, lead to resonancelike peaks in the
functional behavior of S;(E) for positive E.

If the potential vanishes identically for >R then
the foregoing statements hold on the entire Riemann
surface (except at infinity); furthermore, on the first
sheet we then have by (4.16) and (4.17)

lim [S;(E)—1]e?#*2=0.

| Ej—o0
If in addition the potential is absolutely integrable at
the origin, then

LSi(E)—1]|k|&*B=0(1) as (5.3
In either case one may apply Cauchy’s theorem to the
integral
de’[Sl (E)—1]e** &
E'—E

(5.3)

|E] = .

over a contour running above and below the branch
cut and closed by a circle of large radius on the first
sheet of the Riemann surface. Since the values of S;
on the upper and lower rim of the cut are related ac-
cording to (4.5)-(4.7) by

Si(E+ie)=S*(E—ie),

38 ] should prefer not to refer to these peaks as resonances but
to reserve that name for peaks which are indeed caused by a
physical resonance phenomenon. Otherwise the term loses its
physical content. In that sense, then, a single channel problem
never has resonances except for the low energy type associated
with a bound or “almost bound” virtual state. For the same reason
I should not like to refer to the complex zeros of fi(k) as decaying
or radioactive states.
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the result is the dispersion relation,®

(E./ka) Res, exp(—2x,R)

Re[ (Si(E)—1)e**F]=3"

E—E,
1 o Im[(Si(E)—1)eri*®

+-P f dE—" ], (5.4)
w 1] . E"—E

where E,=—#4%,%/2u are the bound state energies,
{Res,} are the residues of .S; at k=1k, given by (5.2),
and P denotes the Cauchy principal value. Because of
the presence of ¢2**E this is not a very useful equation.

More practically, we may represent the S matrix by
the use of (4.31') as an infinite product®:

Si(k)=e-2*R H (5.5)
n=l n+k
This amounts to writing the phase shift as
N k
8;(k)=—kR—3 tan~'—
n=1 Kn
k 2kk®
-I—Z tan“l-——!—z tan~l—-— (5.5
n=] Kn a=] 1 | —k2

where E,=—%%,%/2u are the bound state energies,
E.'= —h%,"?/2u are the virtual state energies, and E,
=12 (kaV 4k @)/ 2u, with k,B>0, k,P>0, are the
“resonances.” The distribution of the energies E, is
such that for any two given positive numbers ¢ and d
there exists only a finite number of E,’s above the ray
ImE.,=cReE, or below the parabola ImE,=2d
X (d*+ReE,)*.

Notice that each term in the a-sum contributes an
increase in the phaseshift by « in the vicinity of b~ | k..
The contribution of the linear decrease in the first term,
however, is such that almost all these increases are
compensated by subsequent decreases. If the rising part
of the curve leads to a “resonance” (i.e., a value of &;
which is an odd multiple of ) then so must the falling
part (for almost all ), although that type of “reso-
nance” bears no relation to the &,.

Another point to notice is that, in spite of the
appearance of infinitely many ‘“resonance” terms in
(5.5"), because of (5.1) only a finite number of them
can actually lead to sin?;=1. There always exists an
energy beyond which this can no longer occur.® Fur-

® See, e.g., E. Corinaldesi, Nuclear Phys. 2, 420 (1956).

% Such a product representation was written down by Hu,* for
-example, but not proved. It was proved under the conditions of
this paper by Regge.?6

4 It is easily seen by considering hi(k)=f1(k)+ fi(—%) that
whenever the potential is at least exponentially decreasing at
infinity there can be only a finite number of points where sin%;=1,
i.e., i (k)=0. In that case /1 (k) is analytic on the real axis and,
by (4 16), approaches unity at & — 3=« ; hence it cannot have
infinitely many real zeros. If the potentxal does not satisfy (3.14)
for any positive value of e then no such conclusion can be drawn.
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thermore, it is easily seen by means of (4.30) that the
maximal slope of individual terms in the a sum, which
for large a occurs at k~k,®, tends to naught as 1/%,®,
Consequently, not only are there but a finite number
of “resonance” points, but beyond a certain energy the
phase shift becomes monotonely decreasing.

Another way of representing Si(k) if V(r)=0 for
r>Ris a Mittag-Leffler expansion.? In order to do that
we need an estimate for the residues of S;(k) at k= —
if fi(k.)=0. Because of the distribution of zeros given
by (4.30) and by (4.4) the leading terms of f;(k).in the
vicinity of &, when # — « are [assuming integrability

of V(r)]
filk)=1—(— )(Z’Lk)‘lf drV(r)e** 40k, ™), (5.6)

while
FB)= (=)t f drrV (1)e2% -0 (k™).
0

If we assume (4.29) then it is readily seen that we get
filk)=—2iR[fi(k)—1]+0(k.™)

since for large % only the vicinity of r=R contributes to
the integral. If we now evaluate f; at k=%, then we
obtain,

fi(ka)=2R+0(k:™). (5.7
Consequently, the residue of Si(k) at k= —k.,
Ro=— fi(—kn)/fi(kn)
is by (4.16'),
R.=1/2R+0(k.™). (5.8)

As a result of (5.8), (4.6) and its unitarity, the S

matrix can be written?
Rn/kn Rn*/kn*
+—————-), (5.9)
k+k, k—Fk*

where P;(k) is an entire function of % and it is under-
stood that Rek,>0, and that for the finite number of
purely imaginary poles of Si(k), R. is one-half the
(purely imaginary) residue. Since by (5.8) and (4.30)
for large n

Si(k)=1+kPi(k)—F Z(

R *
_— = —2 —4 o2
. 2—|— e iR(7wn)~2+4-0(n~* log?n),
the series in (5.9) converges for all £ and the Mittag-
Leffler expansion is established.
As a consequence of (5.9) we can write

Re[1—S;(k) ]=2 sin%5,(k)

e o R

4 See, for instance, C. Caratheodory, Funciionentheory I (Birk-
hiuser, Basel, 1950), p. 215 fi. This was first proved by Humblet®
although written down without proof before, for example, by
Hu.# The argument below is a simplified and somewhat less
rigorous version of Humblet,
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where
A n+ an: 2Rn/kn7
Ep+-YiT,=k.2/ 2u,
and

QuE)=3[P:,(—k)—Pi(k) Jk/E
is an entire function of E. The residues R, can be ex-

pressed in terms of the k.. By (5.5) we have

&=262ik7.R H kntfn

k. o by — B

(5.10)

The entire function P;(k) is also determined by the &,;
but no simple expression is known.

An interesting relation between the phase shift and
the wave function, when the potential vanishes for
r> R, is obtained as follows:

Differentiating the equivalent of (4.19) for fi(k,r)
and ¢;(F',r) with respect to &’ and then setting k=#’
yields after integration

WTﬁwﬁx@@¢ﬂ=—a@fdﬂﬁ@wi@¢0

since ¢, (k,r)=o0(r!) and ¢;(k,r)=0(r"*') as r — 0. Dii-
ferentiation of (4.3) with respect to & therefore yields
i =t ®= 200 [l enhr)
0 o
+le[fl(k;r):‘Pl(k)')]’
where 7> R. We then find by (4.1) that

Zikzl r
= (Zk2 f dr' o2(k,sr")
| fi(R)]? 0
—rL e (kr)— erlkyr) 0! (k1) I+ (k) o) (Ryr)
or by (4.8), for r>R,

d iy ,
ﬁél(k)=2]0‘ ar' |yi(kr') |2
—k2{rL [ () 2= (R )i* (Ryr) ]
— ¥ (ko )i*(k,r)}.

This equation takes on its most transparent form for
!=0. Since it follows from (5.11) that

(5.11)

2l bt
‘l/l( 77){ - ;{ }a

we may also write

dak—z "y k)2 “&r)|?
5“’*£ L 1¥o(ksr) *= [¥es(kn) 2]

+3k1 sin280(k), (5.11%)

ROGER G. NEWTON

where ¥;°*¢ is the free wave function equal to ¢; for
r>R and then continued in for #<R. For /30 this
cannot be done since ¥;°"* is then not square integrable
at the origin. Equation (5.11") directly illuminates the
significance of a “resonance.” Whenever the phaseshift
varies rapidly upwards it means that there is a large
probability for the particles to be found inside the
region of interaction. -
We may also write ¥¢°¢t explicitly ; thus®

d R
—(b)=2 j; dr|po(kr) 2= R

+1k1sin(2kr4260). (5.11")
It follows from this that
(d/dk)do(k)> — R-+3k1 sin(2kr+-268,)
>~ (R+3k7). (5.12)

We may also compare Eq. (5.11) with (5.5); that leads
to

2 f ar[ |Wo(k,r) |2— Yoot (kyr) | 2145k~ sin28, (k)
0

n

i
=§k2 —R. (5.13)

It should be recalled at this point that all the results
from Eq. (5.3) on assumed that the potential vanishes
identically for r> R. We now return to the general case,
assuming only (3.1).

The low-energy behavior of S;(k) is established as
follows: The analytic function f;(k) being regular in
the lower half of the complex & plane, we have

1
- d logfz(k) =ny,

2wt (o4

(5.14)

where #; is the number of zeros of f;() in the lower
half-plane and the path of integration C runs along the
real axis from 4« to — 0, avoiding the origin by a
small semicircle of radius e in the lower half-plane, and
closed by a large semicircle of radius K in the lower
half-plane. Since each discrete eigenvalue produces a
simple zero of fi(k), #; is the number of bound states
of angular momentum /.

The contribution to (5.14) from the large semi-
circle vanishes by (4.16) in the limit as K — . If near
k=0 we write"

Si(k)=aki+o(k9)

4 This equation and the following inequality were given by
Liiders.* The inequality (5.12) and the corresponding one ob-
tainable from (5.11) for /=1 were first derived by Wigner under
Izigges)general assumptions; E. P. Wigner, Phys, Rev. 98, 145

# 1t is sufficient that that is true in every cone of opening less
than = in the lower half-plane.
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then the contribution from the small semicircle is

fd logf (%) —>qfd logk=—irgq
) R

in the limit as e— 0. Consequently, (5.14) becomes,
by (4.9),

i Jim a1~ K) (= (=)
. fz(K) ft(_f)
ilog .
fu=K) fi(e)

The imaginary term vanishes by (4.7). Furthermore,
because of (4.7), §;(k) may be defined to be an odd
function of k. We have therefore

8:(0)—bi( ) =7 (n+39).

A glance at (4.25) and (4.25’) shows that ¢=0 if
f1(0)F0; ¢g=1if f;(0)=0and I=0; ¢=2if f;(0)=0and
I>1. In the last case, as we saw, =0 is a discrete
eigenvalue and should thus be added to #;. As a result
we obtain the Levinson theorem?

81(0)—8;()
B w(n+3), if =0 and f:(0)=0,

]= 2w (n+39).

(5.15)

wn, otherwise,

which constitutes the only generally valid relation be-
tween scattering phaseshifts and bound states.
Because of (4.16), §;( ) may always be defined to be
zero. Equation (5.15) then determines the value of the
phaseshift at zero energy. As a consequence of (5.15)
we have
—1, if 1=0 and f,(0)=0,
S (0)= (5.16)
1, otherwise.

Notice that S;(0)=—1 implies by (2.15) that the
scattering amplitude becomes infinite at E=0. This
happens whenever the potential is such that the
slightest strengthening will introduce a new bound
state of zero angular momentum. This is usually re-
ferred to as a zero-energy resonance.

The next question that arises is how S;(k) approaches
its limiting value at k=0. The answer is given most
simply by using (2.21) in combination with (4.8)

Sz(k)=1—Zik’fwdmz(kf)V(r)cpz(k,r)/fz(—k)- (5.17)

45 Although this theorem was known before in less precise form,
it was proved first by Levinson.’® The proof given here follows
Levinson. It has been proved under more general hypotheses,
namely, only the completeness of the set of eigenfunctions by
J. Jauch, Helv. Phys. Acta 30, 143 (1957); see also A. Martin,
Nuovo cimento 7, 607 (1958).
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The inequalities (3.9) and (3.11) show that

=11 <cla [ arve)

><( 1 +]k{r)2l+2 [l (519

If £1(0) 0 then we may conclude that the right-hand
side is O(k*+) provided that*t

f dr|V(r)|r+i< o,
0

If £,(0)=0, then it follows from (4.25) that the right-
hand side of (5.18) is O(#**) for I>1, and O(1) for
1=0. Consequently, if the potential satisfies the fore-
going restriction, then as 2 — 0,

S;(k)—1=24¢*1 sing,

—2, if I=0 and f,(0)=0,
- S (5.19)
O(k*+),  otherwise.

If there is 2 bound state of zero energy (which is possible
only if />1), then as £ — 0

Si(k)—1=0(k). (5.19")

We may generate a Born series for Si(k) by using
(5.17). Just as in the case of ¥;(k,r), it is the presence
of fi(—%) in the denominator which may prevent the
convergence; as (5.18) shows, the numerator converges
absolutely. We may, therefore, draw the same con-
clusion as at the end of Sec. 4. For every potential that
fulfills (3.1) there exists an energy beyond which the §
matrix can be expanded in an absolutely convergent
Born series. Furthermore, it follows from (5.17) to-
gether with (4.16) and (3.13) that in the high-energy
limit the first term in the Born series is a good
approximation.

Suppose that the potential V=—|U| produces
neither a bound state of /=0 nor a “zero energy reso-
nance.” Then fo(0)£0; the replacement (4.33) with
IA] €1 cannot make f£,(0)=0 either, for that would

imply

—Af drV (r)] ¢o(0,r)[2=—f dree*(0,r) ¢0”' (0,r)

- [ arlaonty
0 .
which is possible only for real \. As a result the Born
series for .
lim [So(k)—11/k= fo(0)/ f0(0)

4D. S. Carter, Ph.D. thesis, Princeton University, 1952
(unpublished).
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converges absolutely. A glance at (2.15) shows that
because of (5.19) the Born series for the scattering
amplitude at zero energy then converges absolutely.
But insertion of (2.2) and of the middle form of (2.3)
in (2.12) shows that the Born series for © (k’,k) using U
is dominated by that for ©(0,0) using V=—|U|. Con-
sequently, a sufficient criterion for the Born series for
the scattering amplitude of a potential U to converge
absolutely at all energies is that V'=—|U/| produce no
s wave bound states or zero energy resonance.?’

We finally want to look at a question of more re-
stricted applicability: Is it possible to determine the
Jost function fi(k) from the knowledge of S;(k)? The
answer is “‘yes,” provided that we know also in eddition
the energies of the bound states. [Their number is
already determined by S;(k) according to (5.15).]

If there are »; bound states with energies —#%.2/2u,
4,220, then we know that S;(k) can be written by
(4.5) as

B
Su(k)=I1 ) Se(E),
=1 -—-ucn
where

Sired (k)= fird(k)/ fired(— k),

and

) (5.20)
IKn

is an analytic function regular in the lower half of the
complex plane, without any zéros there, and with

fied(k) — 1

{kloe

there. Therefore logf;"d(k) is analytic in the lower half-

plane and vanishes at infinity ; consequently, it satisfies -

a simple “dispersion relation.” By Cauchy’s theorem

o logflred(k’)

logfred(k)=——} d¥
gl =—— . Kk
and hence . 2 Tm log (k)
% 4 m log lre 4
togl u(®)| =—=P [ .
T v E—k

By (5.20) and (4.9) we have
Im logfied(k)=8:(k)—2 3., cot™ (k/x,)

and therefore®®

‘ 1, dba (k) E-E
log| k)| =—=P [ ——"+F log

T —c0 — n

(5.21)

or

filk)= H(l——*) eXp[“—f:%] (5.21')

47 The foregoing argument is a slight generalization of that given
by H. Davies, Nuclear Phys. 14, 465 (1960).

48 The phaseshift is assumed to be defined so that it vanishes
at infinity. A similar, but slightly less explicit form of fi(k} was
given by Jost and Kohn.®

9 R. Jost and W. Kohn, Phys. Rev. 87, 977 (1952).
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in the limit as e— 0+. This explicitly expresses fi(k)
in terms of the phaseshift 8;(k) (i.e., of Si(k)) and the
bound states.

6. GREEN’S FUNCTION

It is very easy now to write down a complete Green’s
function or resolvent of the radial Schridinger equation
(2.10). Such a function must satisfy the equation

d? I(i+1)
[ V() +
drz 72

r)+

kz]@z(k cr)

=—8(r—7"). (6.1)

It is therefore a solution of (2.10) for 77", At r=2+"its
derivative suffers a discontinuity of unity:

r=r'-¢
=1,

Tt e

d (6.2)
—&y(k;rp")
dr

Suppose, then, we want the Green’s function appro-
priate to the boundary condition of (2.8), namely, such
that it contains no incoming waves at infinity. It must
then have the form

ei(kr)alk,r’),
fz(k,?’)b(k,?”),
Since J; must be continuous at r=7" we find that

a(k;f} =C(k)fz("'k, f),
b(k,r)=C(k) er(ky7).

The requirement (6.2) then fixes C(k)
CRWL (k). fi(—k,7r)]=1.
Because of (4.3) we then find that
Ck)y=(—)&Y fi(—F).

r<r’,
Ok rr)= {
r>r.

As a result

ik 1 )= ()R ok fi( =k, 75)/ fi(—F)
= (=) Yk ) fi( =k, 75). (6.3)

From the analyticity of ¢;(&,7), fi(k,r) and fi(k) we can
therefore infer the following properties of the Green’s
function &;(%; r,7").

For each fixed r and 7/, &,(k;r) is an analytic
function of & regular in the open upper half of the
complex plane and continuous on the real axis, except
for simple poles at k=ix, if —«,? is a discrete eigen-
value, and except at k=0 where it may be as singular
as O(k™2) when approached from above the real axis
(for =0, it is at worst O(k™1)).

In the language of the energy E, &;(%;7,’) has a
branch cut along the positive real axis. On the “physi-
cal” sheet of its Riemann surface (Imk>0) it is a
regular analytic function except for a finite number of
simple poles on the negative real axis at the position of
the bound states. At E=0, it has a branch point and
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may in exceptional cases be O(E™') when E=0 is
approached from the first sheet of the Riemann surface.
[For =0, O(E%).] As E— = on the first sheet, it
follows from (3.13), (3.17), and (3.16) that

O(E; 1) =GUE; ") +o(| k]| L")
= (2ik) 7 (e* (> — (=)l >4 )

+o(lk[Te1m=). (6.4)

The function &;(E;r,") taken at the upper rim of
its branch cut (i.e., at £>0) is usually denoted by
;™ ; when we follow its analytic continuation around
the origin to the lower rim of the cut (£<0) we obtain
@z(->.

In general nothing can be said about a possible
analytic continuation of &; beyond the branch cut onto
the second sheet. If the potential satisfies (3.14), then
it is regular there as far as | E| <a?h?/2u, except possibly
for poles of finite order. The latter, if sufficiently close
to the positive real axis, lead to resonancelike peaks in
the scattering amplitude. If the potential vanishes at
infinity faster than every exponential (e.g., if it is
identically zero beyond a finite point), then &; has an
analytic continuation into the whole second sheet of
its Riemann surface, where it then must have infinitely
many poles of finite order.

The relation between &; and S; is given directly by
the solution of (2.8):

Wk =+ [ Otk )V (), (6.)
0
which, inserted in (2.21), yields

Si(k)=1—2ik! f wdmz(kr) V{(r)w(kr)

—2ik f dr f dr'w (k) V' (7)
Q Q

Xk v, YV )u (k).  (6.6)

The difference in analytic behavior between S;(k) and
®&:(k; 7,¢), the latter being regular in the upper half-
plane (except for the bound state poles), while the
former need not be regular there, comes from the pos-
sible divergence of the integrals in (6.6).

7. COMPLETENESS

We now want to prove the completeness of the set
of eigenfunctions of the radial Schrodinger equation
under the assumption (3.1) on the potential. The idea
of the proof¥ is to evaluate the integral

de@z(E; r,r)

% This proof follows Jost and Kohn,* Appendix. It is the type
of proof given by Titchmarsh, see E. C. Titchmarsh, Eigenfunction
Expansions I (Oxford University Press, New York, 1946).
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over a closed contour running along the two rims of the
branch cut in the complex E plane and closed by a large
circle at infinity on the first sheet of the Riemann sur-
face. On the one hand, that integral is evaluated by
Cauchy’s residue theorem in terms of the bound state
poles on the negative real axis. On the other hand, it is
explicitly written down in terms of its various con-
tributions. The whole procedure is a little simpler,
however, in the % plane.
We consider the integral

I(r)Efkdkfwdr'h(r’)@l(—k; r7"), (7.1)

where &; is given by (6.3), 4(r) is an arbitrary suffi-
ciently well behaved function of » (square integrability
suffices), and the contour C of the % integration is the
same as in (5.14).

The integral I(r) is written

I=Il+I2

n)== [a [ arne) ek )/ (1.2
c 0

I,(r)= —fdkk”‘lf arh(r) filk,r) ou(kyr)/f1(R). (7.3)
C r

We first consider 1,(r).
Suppose that the discrete eigenvalues are —«,?. Then
we write (k,>0)
o1 (r)= ei(—tkn, 1),
Ji™ ()= fi( —ikn, 1),
CnEfz(-iKn).

Since ¢i(k,7), fi(kr), and fi(k) are analytic functions
regular in the lower half of the complex plane and
f1(k) has simple zeros at k= —ix,, the Integral 7,(r) is
evaluated immediately by means of Cauchy’s residue
theorem

Lin=—2m2 f rd"h(")w‘")(r’)fz(”’(r)(—-ixu)““,/ o

If we call

[ atemer=n2s,
0

then (4.21’) reads

Cn = — Zan(— iK'n) H_anzy
where
an=fi™(r)/ 1™ ().

Thus we obtain

Lin)y=iz Y frdr'h(r’) ™)™ (r)N,2  (7.4)
n Jy
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On the other hand, we evaluate 7; directly. The con-
tribution 7. to the % integral from the small semicircle
vanishes in the limit as its radius tends to zero, except
when f1(0)=0. In that case it still vanishes for /=
because of (4.25). For [>1 we write

f1(k) =cok*+o0(k?).

The contribution from the small semicircle is then by
(4.21) seen to be

Ile(?'):'—i?rf ar'h(r) 0@ ()o@ (r)Ng2, (1.5)
1]
where

@@ ()= (0,1,
and

The contribution /1 to I; from the large semicircle
is evaluated by the use of the asymptotic functions for
large |%|. Thus by (3.13) and (3.17)

IlR ~ ﬂf dr'h(r’)f dk (i1 — (= )lgmik(r+r)

o~ ¥h(n) f dkkt =Yirh(r). (71.6)

The remaining contribution I;¢ to I; is the integral
over the real axis, where we may use the fact that ¢;(k,7)
is an even function of # and then (4.1) and (4.7) ; thus

Iu«:(r)=frdr’h(r')(fﬁ-;-fw)dkkm
0 — +e

Xk, ) fi(k,r)/ fi(k)

=i f ([ + f+ e)dkk”“
X ek ou(kyr)/| f1(R) [

We may now let e— 0 and get

Lie(r)=—2 f ar'h(r) f dRR2H2
0 0

X okt ) or(kr)/ | filk) (2
Equating the sum of (7.5)-(7.7) to (7.4) yields
r o ei(k,r") u(k,r)
h(n=2| dri ')[2 digprte T
’ f ’ J =ICE
1™ () o™
by o™ () e (f)]’ (7.8)
n Nn2

(7.7

where the sum now includes the bound state of zero
binding energy if there is one.

ROGER G. NEWTON

We then go through the same arguments for I:(r),
where we may replace the upper limit of the 7’ integra-
tion by 7+u, u being an arbitrary positive number. The
result is

e " o(kr") or(keyr)
h(r)=2 f dr’h(r')[Z f appersa 208D
7 0

w| fi(k) |2
@ (! l(")f
+Z¢ ("e ()]. 7.8
n N2

We now add (7.8) and (7.8'), divide by two, and let
pu— o, The ensuing improper integral will converge
provided k(r) is square integrable. The result can be
written in the customary notation of a § function

fd 21+2 k”)sm(k7'>
| fik) |2

o (!
L e,

n N2

(7.9)

This proves the completeness of the set of wave func-
tions of the continuous and discrete spectrum and shows
at the same time what the necessary weight function is.

The weight function appearing in (7.9) is also defined
as the spectral function p(E) in the following sense.
If we set

2p
——p2l+l ‘2
dou(E) | /1 fulk)i2,  E>O0,

dE

(7.10)

> 8(E—-E,)/N.2, EZO0,

with p;(—)=0, then (7.9) can be written as a
Stieltjes integral

f doi(E)orkr) oulb)=5(r—1). (1.9

At the same time we may now write the resolvent (6.3)

(k') 1 (R r)

h?
G(E; 1) =— f d(E') (7.11)
2u

On the upper rim of the branch cut we get the outgoing
wave Green’s function &;*"; on the lower rim, the
incoming wave Green’s function &;*. The average of
the two defines a real (standing wave) Green’s function,
&P, for which the Cauchy principal value of the
integral must be used.

A comparison of (7.9) with (4.8) shows that we may
write the completeness in terms of the physical wave
function ¢

f (o )

+Z'//z(")(’)4’z(")(") 8(tr—7"), (1.9")
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where y,( (r) are the bound-state wave functions nor-
malized to unity

i (1) = @i(—ikn, 7)/Na
The complete Green’s function can similarly be written
Gulk; ') |
2 2 iRt E ) @ ™ ()
- [ +
0 B—k" n

T B2tk 2
L B YEWHE ) GO )
¥ E—¥ T Bt

(7.11)

where for real £ the limit from above the real axis to
positive & defines the outgoing wave Green’s function,
and to negative &, the incoming wave Green’s function.

8. GEL’FAND-LEVITAN EQUATIONS

The equations first derived by Gel'fand and Levi-
tan®-% have a special interest for the solution of the
problem of going backwards, from a knowledge of the
phaseshift and bound states to the underlying potential.
However, they are useful sometimes also in other
contexts.

Consider the function?

I(Er)= f do® (E) ea(¥' 1)

Xf dr' oW (k' ;1) @@ (kr"),  (8.1)
0

where the quantities with the superscript “1” refer to
a given potential ¥V ®(r), and those without superscript,
to another potential V' (r). If we insert (4.19) and (7.10)
in (8.1) and use (4.1), we obtain

v B—k i)

i pe dEET o)(R )
f WL ® (kyr), fi V(R 7)]

‘Pl(— K, r) 1
-—_ 1) (1) (n)
k2+xn2 W[@l (k)r))‘Pl (7)1

N2
if k., refers to the bound states of V® (r) and we take &
slightly off the real axis into the lower half-plane.
Adding to the integral a similar one over a large semi-
circle in the lower half-plane, we can evaluate it by
means of Cauchy’s residue theorem. The result exactly
cancels the bound state sum in (8.2). Thus we are left

+2 (8.2)

Y, M. Gel'fand and B. M. Levitan, Doklady Akad. Nauk
S.S.S.R. 77, 557 (1951).

27, M. Gel'fand and B. M. Levitan, Jzvest. Akad. Nauk
S.S.S.R. 15, 309 (1951).

8 The procedure follows Jost and Kohn.™ See also N. Levinson,
Phys. Rev. 89, 755 (1953).

%R, Jost and W. Kohn, Kgl. Danske Videnskab. Selskab,
Mat.-fys. Medd. 27, No. 9 (1953).
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with the negative of the integral over the large semi-
circle where we may use the asymptotic functions for
large %/, given by (3.13), (3.17), and (4.16). The result
is that

I(Er)= ei(k;r)— 301D (ky1). (8.3)

The next step is to notice that the completeness proof,
i.e., the derivation of (7.8), would have gone through
just as well if ¢;(k,#') had been replaced by ¢V (k7).
If in the resulting formula we set (r) = ¢, (&,7), we get

Yo (k) = f dpi(E) er(¥' 1)

X [ e W) @@ ). 6.)
0
The implication of (8.1), (8.3), and (8.4) is that

ei(k,r)= oV (ky)+ f drKi(r )V (kyr'), (8.5)
0

where
K(ry)= f AL (E)—puEYlonk) er® (). (8.6)

Equation (8.5) resembles that containing a complete
Green’s function; however, in contrast to the latter,
K,(r,/") has the remarkable property of being inde-
pendent of the energy. It obviously satisfies the dif-
ferential equation

9 11+1)
—Ki(rr')— [V(r)+ ]K,(r,r’)
ar? r
a2 1(4+1)
=—LK(r,)— [V(” (7')+————]Kz(r,f')- (8.7)
or'? r'?

Inserting (8.5) in the Schriodinger equation and using
(8.7) readily leads to

d
2—Ky(rr)=V ()= VO (). (8.8)
dr
In addition, K satisfies the boundary condition
- Ki(0,9)=0. (8.9)

If we multiply, finally, (8.5) by ¢,®(%,s”) and inte-
grate with the weight p;‘V—p;, we obtain the Gel’fand
Levitan integral equation

Ki(ry") =g,(r,r')-|—f dr'" Ki(rr"Ngi ("7, (8.10)
0
where

gl )= f Lo (E)—pn(E)]

X(al(l) (k,')‘”) ‘Pl(l) (kyrl)‘ (8'11)
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It can be shown® that (8.10) always has a unique
solution. A knowledge of the spectral function p;(E)
thus determines K;(r,7’) via (8.10) and (8.11) ; the func-
tion ¢;(k,7) then follows from (8.5), and the potential,
from (8.8). The spectral function in turn is given by
(7.10) in terms of the bound state energies and the
Jost function fi(k), and the latter is given by (5.21) in
terms of the phase shift and the bound state energies.
This demonstrates that in general, binding energies and
scattering phaseshifts are completely independent, and
that if there are #; bound states, then there exists an »;
parameter (the N,) family of potentials all of which
lead to the same phaseshift and to the same binding
energies.

A simple application is that in which the difference
p:V'—p; is infinitesimal, due to an infinitesimal change
in the phaseshift.®® In that instance one uses (5.21) and
(7.11) in (8.6) and finds

2 0
Ki(rg')=—= f KBS (E)
TV 0

(n) (n) (4!
x|@were -5 f‘_@"__(’_)]
n E’_En

to first order in the variation 86;(k) of the phaseshift.
Consequently, by (8.8),

6V(r)- 4kd OGP (Es )5
s5.(k) { -

o dr
Specifically, for =0, we have by (6.3), (3.3), and (4.3')

[ () F

}. (8.12)

n

d
—GuP (E; 1) = ———

dr 0 2041

and therefore
8V (0)/856,(k) =4k/7 (20141).

This equation can be integrated immediately

(8.13)

V(O)—V“’(O)=[8/1r(2l+I)wadkk[m(k)—éz“’(k)],

where V(r) and V) must have the same bound states.
Finally we use the Bargmann potentials (Sec. 10) in
order to construct a potential V® with the same bound
states as V and whose phaseshift is asymptotically
equal to 8;(k), i.e., the value given by (5.1°). The result
is a simple exact relation between the value of the
potential at the origin and the /th phaseshift and bound
state energies E,®(<0)55:

4 2 p* 1 p=
V(O)’—'ml;j; dk[k&;(k)+5£ drV(r)]—-Zn:En( )},
(8.14)

5% R, G. Newton, Phys. Rev. 101, 1588 (1956).

NEWTON

T
(I)/<0)=—4’“{ ‘Ef °°dkk[ﬁ:(lz)+Ie«s/(k)]—z E.®
u+1l =y R
(8.14")

the prime indicating differentiation with respect to k.
This shows that although the phaseshifts of the same
potential are asymptotically equal for different / values
and near 2=0 become smaller as / increases, their first
moments increase with growing /.

9. GENERALIZATION TO THE CASE
WITH COUPLING

Almost everything done in the preceding sections can
be generalized to the case in which the potential Vi, 1.7
in (2.9) has off-diagonal elements.5® It is then most
convenient to write (2.10) in matrix notation suppress-
ing the indices; thus

— (d2/dr2)‘1’,]+ VJ\I’J'I_ EL (L+ 1)/7’2]‘1’,] = kZ‘I’J, (9 1)

where V7 is the square matrix (2.9), L is the diagonal
matrix of the / values, and ¥, is the square matrix
Wy, 05’ of (2.6). It may be well to recall the meaning
of this square matrix: Each column is a solution of
(9.1), its components indicating the various angular
momentum components; the columns differ from one
another by their boundary conditions, e.g., by the
incoming wave according to (2.8). It is more convenient
to work with such a square matrix then with the in-
dividual columns.

The fact that (9.1) has equations of different angular
momenta coupled together leads to certain complica-
tions owing to the different behavior at r=0 of the
solutions belonging to different / values. We want to.
introduce a regular solution ®,(k,7) which would be
the generalization of ¢:(k,). However, the boundary
condition (3.3) cannot be generalized in any simple
way.’8 It is easier to write down directly the matrix
integral equation that is to replace (3.7). But unless
special precautions are taken or else a very strong
assumption Is made concerning the behavior of the
off-diagonal elements of VY, the resulting integral
diverges at r=0. This divergence can be eliminated by
adding a judicious inhomogeneity in the integral equa-
tion. We shall restrict ourselves to the case of s=s'=1
with tensor force coupling. The procedure is readily
generalized to higher spin values.

% The content of this section follows Newton and Jost,57 and.
Newton.!” The order of the matrices, however, has been changed.
Equations in footnote references 17 and 57 have to be read from
right to left in order to agree with those in this section.

57 R. G. Newton and R. Jost, Nuovo cimento 1, 590 (1955).

58 A simple example of a square well V¥ furnishes an illustration;.
see W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941). If
one wants to solve the equations by series expansion, even the
regular solution contains the logarithmic terms of the Fuchs
theory; cf., e.g., E. L. Ince, Ordinary Differential Egquations:
(Longmans, Green and Co., Ltd., New York, 1927), p. 356 ff.
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If we write
kT uy_1(kr)
Uskr)= ( 0

) (gH(k; ')

9.2
k“""zuﬂ,l(kr)), ( )

Silk;ry)= (9.3)

g-’+1(k; r,r’) ),

with gi(k;7,r") given by (3.6), then we can define a
regular matrix solution ®;(k; ) of (9.1) by the integral
equation

Q’,](k,r) = UJ(k,r)[l-I- (2J+1)frdr’rl—1VTJ(n)]

+ f LGk 1)V ()5 (k)

—QI+V)U k) V! (7],

0 0
VTJE ( )
Vion? 0

This integral equation can always be solved by suc-
cessive approximations if the elements of V7 satisfy
(3.1a) ; the matrix function ®;(k,7) has all the regularity
and reality properties of ¢;(k,7).

The generalization of the solution f,(k,r) is a matrix
function F;(k,r) defined by the boundary condition

lime™"F ;(k,r) =L, (9.5)

(9.4)
where

or the integral equation

Fy(ky)=W y(kr)

- f dr Gk 1)V (F)F (ko) (9.6)
with " ) 0
WI—1\RY )

wri1(kr)

w7

Under the hypothesis (3.1b) on all elements of the
potential matrix this integral equation can also always
be solved by successive approximations. Fs(k,r) has all
the regularity properties of fi(k,7).

The generalized Jost function Fs(k) is defined by
the analog of (4.3)

Fy (k)EkLW[FJ (k,f),‘pj (k,f):l,
where the Wronskian matrix®
W[LF,®]=FT®'—FT'®
is defined so that it is independent of 7 if F and ® both
5 A superscript “7” indicates the transposed matrix. The sym-
metry of the potential matrix is an important assumption. By

(2.17) it follows from time reversal invariance of the inter-
action Hp.

9.7
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solve the same Eq. (9.1). In terms of Fs(k) we have
Oy (k) =3i[Fs(ky)FsT(—k)
— (=) F s (—k, )P, (k) Je 71 (9.8)

instead of (4.1). The matrix function F;(%) has all the
regularity properties of f(k).

Comparison of the asymptotic form of (9.8) by (9.5)
with (2.23) then gives us the S matrix

ST(R)=F," (RA)LF,T (k) I (9.9)

This can be transformed by using the fact that because
of the boundary condition

W[QJ (k,r) ,‘1’1 (k,r)] =0,

If (9.8) is inserted in this one obtains

Fs(~RF®)=Fs®F (=B,  (9.10)
which shows that (9.9) can also be written
ST(k)=[Fs(k)I'Fs(k), 9.9)

at the same time verifying the symmetry of SV. Since
F (k) has the property (4.7) it follows also that SV is
unitary. Furthermore, (9.9) implies that

ST (—k)=[S7 (k)T (9.11)

The relation of the physical wave function ¥ to &,
is seen by comparing (9.8) with (2.23), together with
(9.5) and (9.9):

Wy (k) =25k )RHLF;T(— k)T

This is the analog of (4.8).

An integral representation for Fs(k) can again be
written down, but it is complicated by the extra in-
homogeneities in (9.4). Fs(k) being a matrix, it is not
related in any direct way to the Fredholm determinant
of (2.8).

The bound states can again be obtained from F; (k).
This time they are those points 2=ko in the lower half
plane where detF;(k)=0. Why that is so is most
easily understood by introducing an auxiliary irregular
solution 7 s(k,r), which satisfies

W[Is,%s]=1,
W[1s,1,]=0,

and which, for all fixed =0, is an entire function of £2.17
We can then express F;(k,) in terms of ®;(k,7) and
I J (k,f),

Fr(ky)=a, (k) REE / (B)+ 1, (Ry)E-LF s (k),

where

9.12)

(9.13)

(9.14)

F, (k) =— k_LW[FJ,IJ].

In contrast to (9.8), (9.14) always holds in the lower
half of the complex % plane, too.

Now, if detF (ko) =0 and Imk,<0, then there exists
a constant vector a so that F(kg)a=0. Equation (9.14)
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then shows that
FJ(ko,r)a=‘I>J (ko,r)koLFJ'(ko)a (915)

is a solution regular at the origin and exponentially
decreasing at infinity; k¢? is thus a discrete eigenvalue
and F;(ko,r)a is the corresponding eigenfunction. Again
it follows that ko must lie on the negative imaginary
axis. Conversely, if ko* is a discrete eigenvalue, then
there must exist a constant vector ¢ so that (9.15)
holds and hence by (9.14)

IJ (ko,r)ko_LFJ (ko)a= 0

identically in 7. It then follows from (9.13) that F;(ko)a
=0 and consequently det# ;(ko)=0.

The significance of the vector a is shown by (9.15).
By the boundary condition (9.5) the asymptotic form
of the bound-state wave function is proportional to

exp(— | ko|7) (a1, ~as).

In that sense the ratio of the components of & deter-
mines the mixture of angular momenta that forms a
bound state. It is always possible that accidentally more
than one mixture is bound with the same energy; that
is the degenerate case. In the present instance of only
two coupled angular momenta it would imply that
F J (ko) =0.

It can be proved!”:5” that if detF;(k))=0 when
Imky <0, then [F;(%)]" has exactly a simple pole at
k=Fko. That statement has no bearing on the question
of degeneracy. The contrary is true for detF;(k), which
in the degenerate case has a double zero and hence its
inverse, a double pole.

The point =0 is somewhat complicated. For J>1,
detF;(0)=0 implies a zero-energy bound state; for
J=11it does so only if [F;(0)Jss=0and 2[F;(k) Ji2— 0
as k—> 0. The matrix function 4~ZF ; (k)& is continuous
at k=0, and the analog of (4.25) is that

Q,Elki_rpokz‘LEFJ(k)]'lkL (9.16)
always exists and differs from zero if and only if E=0
is a discrete eigenvalue.

The argument concerning the finiteness of the number
of zeros of fi(k) in the lower half-plane can be carried
over directly to F;(k). Again the result is that the
number of bound states for a given J is finite if all
elements of V7 satisfy (3.1).

At high energies we have the analog of (4.16).

For Imk<0

lim Fy(k)=1 (9.17)

| k|—->00

and consequently,
lim S7(k)=1.
k-t

The statements made in Secs. 4 and 5 concerning the
high-energy behavior in the upper half of the complex
plane under stronger assumptions on the potential carry
over to the present case.

ROGER G. NEWTON

At low energies one can generalize first of all (5.15).
If we define
2ins (k) =log detS’ (k) (9.18)

then comparison with (2.20) shows that n; is the sum
of the eigenphaseshifts of total angular momentum J

17 (k) =2 a8 (k). (9.18")
One can then show that®
1 (0)—=ns(x)
w(ns+3), if J=1and k=01is a resonance,
= (9.19)

™7, otherwise,

ns being the number of bound states of total angular
momentum J (counted twice in the degenerate case);,
the resonant case is that in which detF;(0)=0 and
0:1=0 [see (9.16)].

The way in which SY approaches its zero-energy
value is found similarly as in the case of no coupling.
The result is that, provided the (2J-4)-th absolute
moments of all elements of V7 exist and they are abso-
lutely integrable, the generalization of (5.19) is

(0(k2J—I) 0 (k2J+1)

S7(k)—1=
O(k2T+)  Q(R2I+)

) ask—0 (9.20)

unless detF;(0)=0; in the latter case we have
0(k2J——3) O(k?]—l) 'f
, 1
o(kZJ——l) 0(k2J+1)
0(k) O
= ( ), if J=1,
0(k*) O(#)
unless we have the “resonance case.”

We may now write down the complete Green’s func-
tion which solves

SJ(k)—l——-( I>1,

(9.20")

a2 L(L+1)
[— —+VI(n+ — k2]®.](k sr,r)
dr? r?
= —b(r—r"). (9.21)

The arguments leading to its construction are the same
as in Sec. 6. The result is the analog of (6.3),

&s(k;rr)
_ [ (=)@, (k,YRELF T (—R)JF T (—k,1"), r<r’,

(=Y F;(—=k,r)[Fs(—k) ] RED;T(kr), r>7,
(9.22)
or by (9.12)
VW RNEST(—E, 1), 1<t
®J(k;r,r')={( EARNES (R 1), 1< (9.22')
(=) Fs(—k,rY¥,T(ky"), r>7.

The verification that this is indeed a Green’s function,
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i.e., that it is continuous at r=7" and fulfills the matrix
version of (6.2) is not completely trivial. It rests on the
observation that®
Fy (k,f)FJT(—k, r) ‘_FJ("“ k, r)FJT(k,r) =0,
FJ’(kyr)FJT(—k, 7) —FJ,(—ky f)FJT(k,f)

= (—)724k.
These equations are proved by introducing an auxiliary

matrix solution A(k) of . (2.10), which satisfies the
boundary condition

A(k,fo) =0, A,(k,fo) = 1,

(9.23)

at an arbitrary point 7o30. A can be expressed in terms
of Fs(ky) and F;(—k, r), the coefficients being found
by evaluating the Wronskians. If we then insert the
boundary condition at 7, we obtain (9.23).

The regularity properties of & are the same as those
of &;. We can again relate the S matrix to it by solving
(2.8):

¥ (k,f) = It UJ (k,f)
—i—f dr'®;(k; v YVI( U s (ko R (9.24)
0

and then inserting this solution in (2.21)

ST (k) =1— 245 f AU sV (DU 5 (k) B+
0

—Zik“*f drf dr'U ;(ky)VY(r)
0 0

X&;(k; r YV (YU s (kYR (9.25)
The completeness of the eigenfunction of (9.1) is

proved'”# by the same method as in Sec. 7 for a single

equation. The result is that (7.9') is replaced by

[esEnas s En=se-r), ©20)
where the spectral function is given by

dP;(E)

2u
—RkLH[F; (R)F ;7 (— k) TRV, E>0,
=< 7h?
dE

(9.27)

> C3(E—E,), E<0,

with Py(— ©)=0. P;(E) is a real, symmetric, positive
semidefinite matrix function of E. The matrices C, are
real symmetric, positive semidefinite, and in general
singular, with the property

C,.=f drC, 0 ;™I (Nd ;M (r)Cy, (9.28)
0

® Notice the position of the transposed functions. These are
not Wronskians and their constancy is not a simple consequence
of the differential equation.
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where
B ()=D;(—iky, 7).

We can always write
Cn, = aﬂ.ﬂBn)

where a, is a real number and B.,, a real symmetric
projection® :

B,=b,Xbx
in terms of the “vector”
b= (1+8.:2)74(1,84).
We also define a vector

Yo (N=a.(1+8.2)
X[®ru™ (1) +B:3712 (1), Byar ™ (1) +8:2r22™ (r) ]
with the property

o

f drigs ™ () |2=1,

0

which follows from (9.28). With these definitions we
have
By ™ (1)Coud s ™T () =™ (r) Xibs ™ (7).

The completeness (9.26) thus can also be written in
terms of the physical wave function and normalized
bound-state wave functions:

2 o0
"'f dk\I/J(k,f)‘I’JT(k,f,)
- +X Y (XY™ () =8(r—1"). (9.26')

Similarly, for the complete Green’s function

W2 o d (E )P (EN®;T(E 1)
& (E; 1) =— f . (9.29)
2u E—-F
or
1 p=dR ‘I’J(}«’f,f)‘l’,rJr (k’,r')
Gk 7)=- f -
ad_ b k—E
Vs (r) X ™ ()
( ( . (9.29")
B2k, 2

The Gel’fand Levitan equations can be generalized
to the case with coupling in a straight forward manner.5?
The result is that (8.5)-(8.7), and (8.11) are replaced by

<I>J(k,r)=tI>J(1)(k,r)+f 'K s(rpY®,;V(ky'), (9.30)
]

KJ(r,r')=f<I>J(k,r)

Xd[Py® (E)—Ps(E) ],V (ky"), (9.31)

6 The cross denotes a direct product: By;=b:b;.
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82 L(L+1)
—K s (ry)— [ VI(r) +—~'—]K s(r,7")
672 r2

02 L(L+1)
=—K,<r,r'>—K1<r,r'>[v<1"<r'>+_], (9.32)
or'? r'?

87 (f,f’) = fcbl(l) (k,f)

Xd[P; O (E)—Ps(E) ]2, O (ky"), (9.33)

while (8.8) to (8.10) retain the same form as before.

The potential matrix V7 is thus determined from the
spectral function P;(E) in the same manner as in the
case of no coupling. However, it is now no longer so
simple to infer the generalized Jost function F;(k) and
thus P;(E) from SY(%) and the bound states. The pro-
cedure leading to (5.21) cannot be generalized, the
logarithm of a matrix not being well defined.® The
problem was solved by Newton and Jost’? with the
result that, in contrast to the case of no coupling, not
all matrix functions SV(k) admit of a splitup (9.9")
with Fy(k) having all the required properties. No
simple way is known to determine whether or not a
given S$7(k) leads to an Fs(k), except to solve the
integral equation of footnote reference 57 in order to
find F J-

10. EXAMPLES
(a) Square Well

In the simple case of a square well® one readily finds
that the Jost function is

Ji(k)= (k/K)'Twi(kro)us' (Kro)
- (k/K)ul(Kro)wl’(kro)], (101)

where 7o is the radius of the potential of strength V,,
K*=k2—V,, and the prime indicates differentiation
with respect to the argument of the function. In the
case /=0 we have

Fo(k)= (roK)—e=i* sin(Kro)g (— ikro),
where, with

s?=—riVy, {P=zl—2t=(F+m),

2= — ik,

we write
g(2)={ cot{—z.

The zeros of fy(k) are found from those of g(z). The real
roots with z<<g, are determined by the intersection of
the two curves

3= (502_ £2) *)

2Tt is not known whether F;(k) is diagonalizable or, if it is,
whether its eigenvalues and diagonalizing matrix separately are
analytic functions. )

8 This case was treated in great detail by Nussenzweig.® The
procedure below is similar to his.

¢ H. M. Nussenzweig, Nuclear Phys. 3, 499 (1959).

z=¢ coté,

ROGER G. NEWTON

shown in Fig. 1 with some intersections for z¢*>0, i.e.,
an attractive potential. An intersection for negative z
means a negative imaginary root of fo(k) and hence, a
bound state. Such a root evidently exists whenever
z0>3m. When 1<gzo<iw, then there is an intersection
for positive 2, i.e., a positive imaginary root of fo(k).
We then have a “‘virtual bound state.” When z,<1
then we must replace ¢ by #n and the curves become

z= (2491

The intersection keeps moving up and there is always
a virtual bound state.

For 2?<0 (i.e., a repulsive potential), there is obvi-
ously no intersection and we never have a virtual
bound state.

The complex zeros of fy(k) are obtained from those
roots of

H (z)=g(2)g(—2)=csc’ (¢ — 2o sinf) (¢+20 sind) =4(§),

which lie in the right half of the complex z plane. A
zero o of k() must satisfy the equations

%=1 cothy,

&0 cot&o=mno cothng
£o==20 sin&y coshn,
if the potential is attractive, or

& tan&y= —no tanhn,
no= =239 sin&, coshny

if it is repulsive. They can be shown to have infinitely
many solutions.®

(b) Zero-Range Potential

The case of a potential of zero range is included here
only for the sake of cautioning the unwary. If the
potential vanishes identically for »>R then the wave
function in the outside region is determined by assign-
ing it at r=R a given logarithmic derivative ¢ which
becomes less and less energy dependent the shorter the
potential range R. In the limit as R— 0, then, the

N\

Fre. 1. Bound and
virtual bound states in
a square well; 2= —zkr,,
z0?=—r¢*Vy. The z co-
ordinate of the inter-
section of the curve s
= cot¢ with the circle
#4+2=2 gives the en-

2o 117 ergy of the bound state,
7 .43 <, if negative, or of the
[Fo 3 virtual bound state, if
L 2,-1.8 ~ positive.

-2 /
L2q12 ] \
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potential is replaced by the boundary condition%

: t —_—
1,{{},}‘*’ (k) olkr)=c,

while (3.3) is discarded. The function f(k,s) is in this
case simply the free function e~ and from (4.3) [Eq.
(4.3") no longer holds],

f(k)=c+ik.

This function vanishes at k=1c so that if ¢ is negative,
then there is a bound state of energy —#%?2/2u, and if
¢ is positive, then there is a virtual bound state. Notice
that (4.16) is now no longer true.

The § matrix is

S(k)= (c+ik)/(c—1k), (10.2)

so that S(w)=-1. The Levinson theorem (5.15) is
also violated since now

3(0)—8( =) ==1r (10.3)

depending on the sign of ¢. The explanation® of this
fact is that the limit of zero range is not uniform in &,
as can be seen explicitly by writing

tané= (k cotkR—c)/ (k+c cotkR).

If we let k— o then we know that for fixed R, ¢
approaches its free value % cotkR, and hence tand — 0;
we may subsequently let R — 0 and get no change. But
if we let R — 0 with ¢ fixed, we get

tand=~k/c
and ¢ is independent of k. If we now let - © we get
the anomalous value tané= 0,
(¢) Repulsive Core

If the potential is positive infinite for r<R,, then
the boundary condition (3.3) is replaced by

ﬁf’l(k;Rc} = O’
‘Pl, (kJRc) =1,

for each /. The solution f;(k,r) is completely unaware of
the core for > R.. The analyticity properties are thus
quite unchanged. The Jost function is given by (4.3),
but instead of (4.3"), we get

JulB)=Rkfi1(k,R.),

and hence by (3.17), as [k| — = in the lower half-
plane or on the real axis,

Ji(k) = (ik)let#Reto(kie Be),
The § matrix is
Sl(k) = ("‘ ) l[fl(k)RC>/fl("‘ k: RC)l

% This works only for I=0.
8 This remark is due to R. E. Pelerls; private communication.
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Thus as |k]| — = for real &
81(B)~ — kRoA-Lrl+o(1).

In other words, the phaseshift no longer tends to a

multiple of 27 at high energies, but instead keeps in-
creasing linearly.

The § matrix elements of the first three angular
momenta. for a pure repulsive core are

So(k) =exp(~—2:kR,),

' k—iR
E+iR
(kR.)*—3ikR,—3
(kR.)?+3ikR,—3

S1(k)=—exp(—2ikR,)-

(10.4)
Sa (k) =exp(— Zikl‘aa) :

Whereas for /=0, S; is an entire function, for I>1 it
has poles in the lower half-plane, i.e., on the second
sheet of the Riemann surface as a function of the energy.

Although the Levinson theorem (5.15) is not true
when a repulsive core is present, one can prove a
similar theorem for the difference between the actual
phaseshift and the pure core phaseshift for the same
core radius.

(d) Exponential Potential

If the potential has the form
V(f) = Voe_'/“,

then the s wave radial equation is explicitly solvable
by setting x=e¢""/¢. The result is that'?-67.68

Jo(k,7)=exp[—iak log(a®V )]
XTI (14+2iak) S siax{2aVole"29)  (10.5)

and the Jost function

folk)=exp[—iak log{a®Vo)]

XTI (1-+2iak) T 20 (2aV o).  (10.6)

The points where
Jz{ak (ZdVo}) =0

determine the bound states (for Imk<0) and the
virtual states as well as the “resonances.”®

The function fo(k) has infinitely many simple poles
on the positive imaginary axis because of the gamma
function. They occur at k=1n/2¢ for all positive in-
tegers n. There is the exceptional possibility that

= —7%2n?/8a% is the energy of a bound state. Since
Jn(2)=(—)"J.(2) the Bessel function then vanishes
at the same point where the gamma function has a
pole. In that case fo(k) does not have a pole at k=1in/2a;

# H. A. Bethe and R. Bacher, Revs. Modern Phys. 8, 111
(1936).

8 8. T. Ma, Phys. Rev. 69, 668 (1946).

® Tt follows incidentally that J,(z) can have no real zeros for
Rer>0 unless Imp=0. This does not appear to be a known prop-
erty of Bessel functions.
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but since it still has a zero at k= —1in/2a, the S matrix
still retains its pole.

It may be expected from the structure of fy(,r) for
the pure exponential potential that the appearance of
poles in fo(k) at k=1in/2a for positive integers # is a
general feature of potentials whose asymptotic tail is
proportional to ¢=7/¢. This has indeed been demonstrated
recently by Peierls.”

(e) Yukawa-Type Potentials

Suppose that the potential can be written in the form

Vir)y= Vofdap(a)e‘“’, (10.7)

where p(a)=0 for a<u,u>0." A special case is the
Yukawa potential, obtained by setting p(«)=const. for
a>pu. We shall examine the implications of the fore-
going form of V for /=0 only.12:15:26.70.72

If we write
g(k,f) Efo (k’r)eikr’

then the integral equation (3.8) becomes for the
potential (10.7)

o(kr) =1+ (Vo) 2ik) f dap(a) f ar

X (1_e~2ikr’)e——a(r+r’)g(k, 7'+f’),
and the Jost function is

fo(k)=g(%,0).
We solve the integral equation by iteration
g(kr) =2 galky),
n=0
and easily find that
go(k,f) = 11
da; p(ar)

g"(kar) = VOn - N
(s3] 0[1+21k

dat, P(an_an—l)
xf_._... —.—g—‘anf’
o, a,+2ik

daz p(ag—al)

as a2k

n>1. (10.8)

It is clear from this that in general fo(k,) will have a
branch cut along the positive imaginary axis starting
at k=%ip and running to infinity. Moreover, if we
assume that p(e) is bounded

[p(e)| <M,

" R. E. Peierls, Proc. Roy. Soc. (London) A253, 16 (1959).

" This is a very strong assumption, since it implies not only
that (3.14) holds for any ¢ <3}u, but also that ¥ (r) is an analytic
function of 7 regular in the open right halif of the complex plane.

7 For explicit extension to >0, see A. Martin, Nuovo cimento
15, 99 (1960); and D. I. Fivel and A. Klein, preprint.
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then fo(k,r) is a regular analytic function in the entire
k plane, except for the cut; at 2=3%su it has a loga-
rithmic singularity (unless p(u)=0), while everywhere
else on the cut it is continuous. It is readily seen from
the foregoing that if & remains a finite distance away
from the cut, i.e., if

|Rek|>e if Imk>1u—e,
then
{ga(lr) | < (McVo/w)/n!

uniformly in £ and r. Hence the series converges abso-
lutely and uniformly. Similarly one establishes the
existence of the derivative and thus the analyticity of
fo(k,r) and fo(k) everywhere, except on the cut.

If we define functions %,(a,k,r) by the recursion

hola,kr)=e—2r

* da’ p(a’ —a)
B (a’,k,r),

n>1,

hn (O!,k,f) = Vﬂf

etn o o2tk
then

8n (k) =ho(0,k,7),
and

h(a,k,r) = Z hn (a,k,r)
n=0

converges absolutely and uniformly so long as & stays
at least a fixed distance away from the cut which runs
from k=%i(a+p) upwards. The function %(a,k,7) satis-
fies the integral equation

© do’ pla'—a)

h(a/,k,r),
o' +2ik

hlakr)=e"+ Vof (10.9)

!
atp &

which determines % (a,k,7) explicitly in terms of %(e’,%,7)
for a’>a+u. For

k=3i(atu)—3ie,

we find
Vop(w) +
h(ar) =ty ) log(a “)+0(1). (10.10)
atu €
Since
*da p(a)
fu(k)=1+Vo - - h(a,k,O),
@ at2i
we have
|£i|m fo(k)=1

everywhere in the complex plane. Consequently, the S
matrix is an analytic function of %, regular in the
complex plane cut along the positive imaginary axis
from k=%iu to infinity, continuous on the cut, except
near the point k=2ju, where it is O[log(2ik+pu)].
Furthermore,

lim So(k)=1.

| k]—o0

One may then use Cauchy’s theorem to express the real
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part of Sy (for real k) in terms of its imaginary part,
bound state contributions, and an integral over the
cut along the positive imaginary axis.!® Because of the
last contribution such a dispersion relation is not very
useful.

(f) Generalized Bargmann Potentials

Suppose we are given an arbitrary potential V@ (r)
and the corresponding functions ¢;@ (%), f19 (k)
and f;9 (k). This potential need not satisfy (3.1), but
we take it so that, except for isolated singularities
J19 (k) possesses an analytic extension into the upper
half plane. In fact V®(r) may even be the Coulomb
potential; in that case (3.4) is replaced by™

lim expil kr—qk~ logr fo@ (k,r) =1l

We want to write™ down the potential AV (r) which,
if added to V@ (r), causes a new Si(k) that differs
from the old by a finite number of poles and zeros

Su(k) =5, (k)R(k)/R(— k), (10.11)

where R(%) is a rational function with N simple poles at
k=pB,(ImB,>0) and N simple zeros at k=a,, and which
tends to one at infinity™:

R(k)=1[(k—a)/(k—B)].

Among the o’s we distinguish between those in the
upper half-plane, which we call v, Imy>0, and those in
the lower, which we call «, Imx <0,

We now form the functions

xa(kr)= (=)W (B,1),/r® (k) ],
Y8 (k,f) = (62— kz)—lW[¢l(0) (B,f),(pl(o) (k,f)],
{xvﬁ("):-':xﬁ(_% )

e (r) =2(k7) —i'Cuys(xy1),

(10.12)

(10.13)
(10.14)

(10.15)

where C, are a set of arbitrary real constants.
Notice that we can also write

xp(k,f)=f df’(Pl(O)(B,r’)fl(o)(k,rl)
¢

+(# =) LO(k), (10.16)

Va(ko)= f 0 o1 (B.) 01 (k). (10.17)
I\]

By=ucZZ'a/k, where u is the reduced mass, Z and 2’ are the
two charges in units of the electronic charge, « is the fine structure
constant “1/137,” and c is the velocity of light.

“ The treatment below is a generalization of that of W. R.
Theis, Z. Naturforsch. 11a, 889 (1956), to include bound states.
One may obtain these potentials also by solving the Gel’fand
Levitan equation, a procedure due to Bargmann, unpublished.

76 We use a simplified notation such as X4 to indicate a sum
over the 8, from 1 to N.
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We then define N functions Ks(r) by the N equations™
28 44(NKp(r)=— 1O (=7, 1),

. (10.18)
2. xxs(r)Kp(r) = — 19 (k) +3'C 1@ (k7).
The claim is that when
d
AV(r)=2—2 Ks(r) ¥ (B,r) (10.19)

dr 8

is added to V@ (), it produces the S;(k) of (10.11) and,
furthermore, there are bound states of energies —~#%2/2u
in addition to those of V().

A few steps of simple algebra show that the functions

h(kr)= 19 (k) +2p Ks(r)as(kyr), (10.20)
gkr)= @O (kr)+2 5 Ka(r)ys(k,r), (10.21)
satisfy the differential equations
— B[+ D2+ VOFAV —F
=g ps(r)xs(kyr), (10.22)
—g"+ 0+ D) VOFAV—£g
=Y s ps(n)ys(k,r), (10.23)

where
ps(r)=—Kg"+[1(I+1)r4-VO+AV — 81K, (10.24)
Now by the definitions (10.15) and (10.18) we have
h(—v,1)=0, hkn)=iCglkr), (10.25)
insertion of which in (10.22) implies by (10.23) that
s %as(r)os(r) =0

for all @. We may conclude that? pg(r)=0 for all 8. The
functions %z and g thus both satisfy the Schrodinger
equation with the new potential V=V®4-AV.

Next we look at the boundary values. As » — = it
is readily seen that

xs (k) ~ —3 (=) (E+B)Lf 1@ (—B)e i k),
8 (k,7) ~ ik (B—0) 1 (k) 10 (— B B,

The equations for Kps(r), (10.18), thus become for
large r

25(e—B) L1 (=B # K y(r) = =217,

from which it follows that there exists a set of NV con-
stants ag such that

lim f,© (~B)e~#Kg(r)=—2i""as  (10.26)
and
1— 3 s(a—B)"as=0. (10.27)
We may immediately infer that
R(k)y=1-2_s(k—B)las, (10.28)

6 1t is clear that det[x,s(r)]#0.
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both sides being rational functions of 2 with the same
zeros and poles and the same limit as | k| — .

The asymptotic behavior of the function %(%,r) of
(10.20) for large r 1s now easily seen to be

h(kr)~ie *"R(—k),
which proves that
Silkyr)=h(kr)/R(—F). (10.29)

The function g(&,r) of (10.21) is a regular solution of
(2.10). From (10.21), (4.1), and (10.29) we see that

gk) =3k i (= B)R(—E) filk.7)
= (O ERE)/((—k, 7)) (10.30)

It follows that S;(k) is indeed given by (10.11). More-
over, by (10.25) and (10.29),

(10.31)

k+B
fl(K;r) = ilcx H g(";’),

k+a
both sides being regular at =0 and decreasing ex-
ponentially at infinity; « is thus indeed a bound state.
Since for given zeros of fi(k) in the lower half-plane
(4.5) and (4.16) define fi(k) uniquely [see (5.21)],
we may conclude from (10.11) that

Silk)=f,@ (R)R (),
and hence from (10.30) and (4.1)
ou(kyr) =g (k7).

We can also evaluate the normalization integral of
oi(k,r). If we use the equations between (7.3) and
(7.4). we get

(10.32)

(10.33)

N""f dr| i(k,7)|*
g AL ) i
IL@+1x) ¢

The potential AV can be written in a somewhat
simpler form. If we solve the set of Egs. (10.18),

Ko(r)=—2o[a7(n)JsUa®(r),  (10.35)

U, () =fiO(—,71)
U D ()= 19 (,7) ~i'Cepr® (,7),

then we can write (10.19),

(10.34)

where

(10.36)

AV (r)=—2(d%/dr?) log det[x.5(r)], (10.37)
since it follows from (10.16) and (10.17) that
Ua® (1) 1 (B,r) = (8/dr)xag(r).
To summarize then, the potential V=V©OLAV,

where AV is given by (10.37), produces the functions
¢i(k,r) and f;(k,r) given by (10.33) and (10.29), bound
states of energy 7#%?/2u with wave functions ¢;(7)

ROGER G. NEWTON

whose normalization is given by (10.34), and the §
matrix element (10.11), or

~v k+B k
Si)= S0 @) T -t A8 A
k+v k—8 k+x

We are free to choose a y equal toa —«. In that case S,
contains no pole and no zero because of the bound state.
The potential AV is real if we choose the ¥’s and 8’s
either purely imaginary or else in pairs symmetric with
respect to the imaginary axis, and the «’s purely
imaginary. The S; of (10.11) is then unitary (if §;@
is). But one may also relax these requirements and
make AV complex as an “optical” potential in order to
simulate absorption.

If we choose V®=0 then we get the Bargmann po-
tentials,”” which lead to a rational S;(k). They are often
very useful for the construction of simple models. A
potential which leads to a rational S;(k) for one =1/
will in general not lead to a rational S;(k) for I=/.
Since for =0 the functions that enter in V{(r) are all
exponentials (multiplied by sines and cosines if we
choose complex §’s and v’s), the Bargmann potentials
for the S-wave have in general exponential tails.”® This
shows that an exponential asymptotic form of the
potential does not necessarily lead to infinitely many
poles of .S; in the upper half-plane, although it does in
general.?

If %0 then the functions entering the Bargmann
potentials are spherical Bessel functions and thus they
contain inverse powers of 7. As a result, they generally
have asymptotic tails »—", where »>3. It has been
shown® that a sufficient condition for a Bargmann
potential to have an exponential tail is that fi(k)
=f1(0)+0(%*) as k— 0.

We may look at some special cases. If we take one
y=1a, one B=1b, V®=0, and I=0,""

Jo(k) = (k—ia)/ (k—1b),

(10.11%)

or
k cotbo=[ab/(b—a) ]4+[#2/(b—a)], 8> 0, a>0, (10.38)

then the effective range approximation is exact. The
potential that produces this phaseshift is

8b2 [ ebr e——br
+
bz—azl_b—a b+a

Vir)=— ]—h. (10.39)

If we set a=0 then we get a zero-energy resonance
(/o(0)=0)
tando=0/k;

the potential that produces it is
V (r)= —2b% sech?br.

77 V. Bargmann, Revs. Modern Phys. 21, 488 (1949).
8 In special cases they may not, as will be seen below.
» See end of Sec. 10(d) and Peierls.™

% By T. Fulton (unpublished) and Newton.5s
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ANALYTIC PROPERTIES OF

On the other hand, if we set 4=0 then the phaseshift
becomes
tando= —a/k.

Since then 80(0)—dp( )= —3r, the Levinson theorem
(5.15) is violated. The potential that produces this
phaseshift is

V(r)=2a*(14ar)2

Notice that in this case, which violates (3.1), the Jost
function has a pole at £=0.

We can also make the effective range approximation
exact with a bound state. A case of interest is the deu-
teron. The phaseshift has the form (10.38) with «
replaced by «, the binding energy being #%2/2u. The
potentials that produce that phaseshift and bound
state are®!

Ve(r)
d gc (K,f)
= 4K——{ sinhbr ,  (10.40)
dr ge(k+b, ) —go(x—b,7)
where
gc(kyr)=Fk~'[e~*"+c sinhkr].
The normalized bound state wave function is
& \? sinhbr
¢(r)=2( ) — . (10.41)
b*—«*/ g.(x+b,7)—g.(x—b,7)

The potentials (10.40) have asymptotic tails propor-
tional to e¢72*", except when ¢=—4, in which case it
decreases more rapidly.&

81 R. G. Newton, Phys. Rev. 105, 763 (1957).

It is a general property of the potentials producing a given
phaseshift and given bound states of smallest binding energy
K, */2u and largest binding energy A2K;?/2yu that, if one of them
decreases asymptotically more rapidly than exp(—2Kyr) then it
is the only one with that property, and if one of them decreases
less rapidly than exp(—2Kyr) then they all do; cf. Newton.%

RADIAL WAVE FUNCTIONS 347

An amusing case is the one for which Sy(k)=1, i.e.,
which causes no s wave scattering whatever, at any
energy, but which causes a bound state of zero energy.
The potentials that do that are?”:%

V(r)=—6(d/dr)[r*/ (c+7r3)].
The normalized bound state wave function® is

b (r)=V3er/ (+77),

while
fo(k,r)=e—ikr—[3rk2/ (2473 W[skre—kr+e~ikr—1]].

The Levinson theorem (5.15) is again not fulfilled. One
can similarly find the potential for which

folk)=1+x/R,

and which therefore has a bound state of binding energy
#2%?%/2u, but which causes no s scattering. This poten-
tial, however, has infinitely many singularities on the
real axis.® :

We can also use the preceding procedure to write
down the potentials with a hard core or a Coulomb
contribution but whose S matrix differs, for one / value,
from that for a pure hard core or pure Coulomb field
by a rational factor. The construction of such examples
is left as an exercise to the reader.

The Bargmann potentials have been generalized by
Fulton and Newton®® to the case with coupling between
two angular momenta. The resulting potentials con-
stitute the only tensor forces for which the Schrodinger
equation is known to have a solution in closed form.
They have been applied to the case of low-energy
neutron-proton scattering.%¢

8 H. E. Moses and S. F. Tuan, Nuovo cimento 13, 197 (1959).

8 This shows that when (3.1) is violated then there can be a
bound state of /=0 with zero binding energy; when (3.1) is satis-
fied, that is impossible.

85 T, Fultori and R. G. Newton, Nuovo cimento 3, 677 (1956).

8 R, G. Newton and T. Fulton, Phys. Rev. 107, 1103 (1957).
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